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Abstract 
Large quantities of particulate solids and fluids are stored in cylindrical metal shell 
silos and tanks with a vertical axis. Such metal silos and tanks are often required to 
be elevated above ground level to permit trains, trucks or conveying systems to be 
placed beneath a hopper from which the solid or fluid is withdrawn. Elevated silos 
must be supported, and access requirements often mean that the supports must be 
local (either on columns or supported from an elevated floor system).  
The connection of a local support to an elevated cylindrical metal silo shell is a long-
standing difficult problem in shell analysis, and most designs are based on simple 
ideas using past experiences of successes and failures. Smaller silo structures are 
often supported on local brackets attached to the side of the shell, but very few 
investigations of the behaviour or strength of such an arrangement have ever been 
made.  
This thesis presents a comprehensive investigation into the behaviour of a cylindrical 
steel shell that is discretely supported on several brackets, each rigidly connected to a 
stiff column or floor. The study has been conducted within the framework of the 
European Standard for Shell Structures (EN1993-1-6, 2006), which requires that the 
two reference strengths of the small displacement theory plastic collapse resistance 
and the linear bifurcation critical elastic resistance should both be evaluated to 
establish the context in which more sophisticated analyses are judged, and to provide 
a rapid means of producing reliable but simple design information.  
Therefore this thesis begins with a thorough investigation of the predictions of these 
two reference strengths for these structures, discovering the challenges inherent in 
this methodology and finally developing equations that can be used in hand 
calculations intended for the simple evaluation of the reference strengths for a wide 
variety of geometries. The influence of geometric nonlinearity is next explored, both 
with and without geometric imperfections. The results pose some interesting 
questions concerning the relative importance of geometric nonlinearity and 
geometric imperfections in shell buckling problems where the stress field is far from 
uniform. In the final part of the investigation, analyses are conducted that include 
both material and geometric nonlinearity with and without geometric imperfections.  
The results of these analyses are presented and analysed in the context of interaction 
capacity curves.  
Following this extensive parametric investigation using linear and nonlinear analyses 
of all kinds, design recommendations are formulated so that bracket supports of this 
type can be used on thin cylindrical shells of any thickness and with any bracket 
dimensions necessary to transmit the loads.  Finally, proposals are made for key 
future research investigations. 
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Nature taught us the construction of one of the most efficient structures known. 
Grass stems, flowers and even parts of our bodies are constructed as thin curved 
shells. It is therefore no surprise that engineers copied this design in a multitude of 
different structures, such as silos, tanks, chimneys, pipelines, towers and masts and 
many more. They are also used in biodigesters and chemical plants.  
Vessels to store bulk solids or fluid will be termed here silos. 
Silos are used to store large quantities of particulate solids. They are usually 
cylindrical vessels and are used in a wide range of industries because they usually 
represent the most economic structural form. The materials used in the construction 
of silos are in general metal or concrete. While steel silos are very sensitive to 
vertical compression which may cause the silo to buckle, concrete silos are most 
commonly mainly damaged by unsymmetrical normal pressures against the silo wall 
causing cracks in the silo wall (Rotter, 2007). 
Steel silos are very light and easy to build or dismantle structures and due to the 
ductility of steel they are also often able to survive damaging load situations and 
recover, unlike brittle concrete structures. 
 
Very large metal silos are usually ground supported, but due to the necessity to 
discharge the contents into trains, trucks or conveying systems conveniently, metal 
silos are most frequently elevated on supports to permit a hopper to be used for 
gravity discharge of the contents. 
 
Elevated silos must be supported, and access requirements often mean that the 
supports must be local (either on columns or supported from an elevated floor 
system).  
The typical parts of an elevated silo (Figure 1.1) include a conical roof, a 
cylindrical main barrel section, a conical hopper, a stiffening ring at the junction 
between the conical hopper and cylinder and a skirt. The junction connection 
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between hopper and cylindrical part is called the transition. 
 
Vertical wall:  
- cylindrical if circular 
- flat plates if rectangular 
Roof 
Hopper:  
- conical if silo is circular 
- trapezoidal if silo is rectangular 
Ring:  










a) Very light silo: 
terminating columns 
with rings 
b) Light silo: 
engaged columns 
c) Medium and 
heavy silos: columns 
to eaves 
d) Medium and 
heavy silos: heavy 
ring beam 
Figure 1.2: geometries for silos or tanks on discrete supports (Original picture in Rotter 
(2001a)) 
 
The connection of a local support to an elevated cylindrical metal silo shell is a 
long-standing difficult problem in shell analysis, and most designs are based on 
simple ideas using past experiences of successes and failures. 
The columns can be connected to the stiffening ring, to the skirt, directly on the 
cylindrical shell or can be connected via a bracket to the cylindrical shell.  
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Figure 1.3: Pictures of a bracket supported silo (photographs by J.M. Rotter) 
 
Additional stiffening elements might be added to potentially prevent buckling 
(Figure 1.2) 
Smaller silo structures can be supported on local brackets attached to the side of 
the shell (Figures 1.3 and 1.4), but very few investigations of the behaviour or 
strength of such an arrangement have ever been made. This support arrangement 
could become economically valuable for much larger storage structures since shells 
are very sensitive to buckling under compressive stresses, but with the bracket away 
from the bottom of the cylinder only part of the loading will be transferred as 
compression (for further information see Section 1.10). The evaluation of the 
strength of such a local bracket support is a very challenging task, and has evaded all 
attempts at hand and simple computer analysis for many decades.  
Thin steel cylinders on local supports have been investigated relatively recently. 
Current design proposals for this kind of support are all in the form of empirical fits 
to a limited range of computational studies. The behaviour is reasonably well 
understood, but no physical mechanics model has been produced, even for the 
simplest types of analysis. 
Overall, the case of a bracket supported silo connected to the cylinder at a place 
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other than at the base of the cylinder has had very limited study and only one of the 
extreme cases (the perfectly flexible support) has been partially explored. 
Therefore the bracket supported silo is the subject of this thesis. 
 
  
a) brackets attached to the cylinder wall b)columns attached to the bracket 
Figure 1.4: schematic sketch of a bracket supported silo  
 
Even though the term silo is used in this document to describe a cylindrical steel 
container for storage of bulk solids, it also applies to liquid filled liquid storage tanks. 
The difference between tank and silos is the way the stored material transfers stresses 
into the structure. Bulk solids transfer a large part of its weight as shear into the silo 
walls due to high friction coefficient, while fluids only have a small friction 
coefficient and therefore almost all of the weight is applied at the bottom of the 
cylinder as tension (more information can be found in Section 1.10). 
1.2 An introduction to shell buckling 
1.2.1 Introduction  
Thin curved shells have been a long standing challenge for engineers, despite 
their high structural efficiency. Even though research on thin shells has been carried 
out for a very long time (at least since the beginning of the 20th century e.g. Lorenz, 
1908; Timoshenko, 1910), shells are still the most unpredictable structural members 
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and fail often unexpectedly. This unpredictability is caused by the low bending 
stiffness in comparison to high membrane stiffness of the shell and makes a shell 
susceptible to a significant reduction of strength due to any small deviations from the 
ideal shape.  
There is a rich pool of publications in shells research (Flügge (1934), 
Timoshenko (1936), Timoshenko and Woinowsky-Krieger (1959) Timoshenko and 
Gere (1961), Novozhilov and Radok (1964), Kraus (1967), Seide (1975), Brush and 
Almroth (1975), Calladine (1983), Kollár and Dulácska (1984), Yamaki (1984), 
Bushnell (1985), Teng and Rotter (2004a), Guggenberger et al. (2004)). This chapter 
aims to gives a brief outline of some of the key developments in shell analysis and 
shell buckling research and the current state of the art.  
1.2.2 A short historical outline of buckling in shells   
Any historical review of the analysis of buckling must naturally begin with 
Euler’s analysis of the bifurcation buckling of columns. A good description of his 
work can be found in Timoshenko (1953). In the middle of the 18th century, Euler 
developed a theory to calculate the complete post-buckling behaviour of a straight 
pin-ended column under axial compression. As a by-product, he obtained the critical 
load PE which is named after him (the Euler load) and is found as the lowest 
eigenvalue in a stability analysis of a straight column. The deformed state 
immediately after buckling is in the first eigenmode. In the case of a column with 
two pinned ends which are not free to translate normal to the axis, the first 
eigenmode is half a sine wave (Figure 1.5).  
 
 
a) b) c) 












A further development was made by Young (1807), who did not assume the 
column to be initially straight, but to have the shape of the first eigenmode of Euler 
buckling. He found that the initial imperfection caused the deflection to rise 
progressively with increasing load until the Euler load is approached, but that the 
Euler load cannot be exceeded (under small deformation theory). This same kind of 
theory was subsequently developed for thin plates by researchers including 
Timoshenko, Flügge, Lorenz and Southwell (reviewed in Flügge, 1973 and 
Timoshenko and Gere, 1961). It was found that flat plates display a failure load 
higher than the predicted classical solution, due to a stable post-buckling path (as 
shown in Karman et al.,1932) (Figure 1.6 and Figure 1.7).  
 
Figure 1.6: Buckles of an simply 
supported plate 
 
     
 
a) b) 















At the beginning of the 20th century, similar analyses were developed for axially 
compressed cylindrical shells (Lorenz, 1908; Timoshenko, 1910: Southwell, 1914). 
They all found that the critical load for a perfect cylinder under a uniform 











A number of assumptions were required to achieve this simple result.  Notably, 
it was assumed that the cylinder is elastic, is moderately long, has a uniform one-
dimensional membrane pre-buckling stress state, and is simply supported at its ends. 
The discovery of the bifurcation buckling of a perfect axially compressed cylinder 
(Eq. 1.1) marks the beginning of shell buckling research and despite all the above 
limitations, this load is still almost universally used as a reference load for more 
complex shell buckling problems in which axial compression plays a role. 
1.2.2.1 Multiple buckling modes 
Two kinds of buckling can develop: a ring buckle and several forms of 
“chessboard” pattern (Figure 1.8). The chessboard form can take many different 
shapes, since the wavelength in each direction (axial and circumferential) can vary.  
It was found that the buckling load was largely independent of the mode, so that 
Equation 1.1 is always valid within the restrictions noted above. Thus, even though 
the critical load is unique to the cylinder, the buckling mode is not, and several 
buckling modes can correspond to the same critical load. 
 
a)ring buckle b)chessboard pattern 
Figure 1.8:a) ring buckles b) chessboard pattern in an axially compressed cylinder (original 
picture in Calladine, 1995) 
 
This effect is due to the closeness of alternative buckling modes in the proximity 
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of the critical load (e.g. using modern computational methods, Limam (2004) found 
over 100 buckling modes within 1% of the critical load). The buckling modes usually 
appear in different “chessboard” patterns with waves both around the circumference 
and down the axis.  
Koiter explored the range of different potential modes and developed a 
description known as the “Koiter circle” (example in Figure 1.9) which couples the 
wavelength in each direction with the other (Koiter, 1945: Calladine, 1983). A ring 
buckle (Figure 1.8a) can be found in the “Koiter circle” (Figure 1.9) when the 
number of circumferential wave is zero (y=0) and the number of axial waves is 
nonzero, while the other points of this circle represent buckling in a chessboard 
pattern (Figure 1.8b). 
 
Figure 1.9: Example of a Koiter circle 
 
In the 1930s more load cases on cylindrical shells were investigated analytically 
by, amongst others, Mises (1914), Donell (1933), Lundquist (1935), Flügge (1932, 
1934) and Timoshenko (1936).The main load cases investigated were buckling due 
to external pressure and due to torsion. 
1.2.2.2 Discrepancy between experiments and theory in shell 
buckling under axial compression  
When experiments on shell buckling were conducted to test the bifurcation 
theories, it was expected that the same outcome would be discovered as for beam or 
column testing, with the results of a careful test falling within a few percent of the 
theoretical load. However, this was generally not the case (reported in Kollár and 
Dulácska, 1984; Donnell and Wan, 1950; Madsen and Hoff, 1965; Weingarten et al., 
1965; Wolmir, 1962; Yamaki, 1984; Teng and Rotter, 2004a) and it was found that 
test results for axially compressed cylinders fell far below the expected critical load 

















(40%-85% below) and were also very scattered.  
 
Karman and Tsien (1941) produced an complicated nonlinear shell analysis 
applying an energy method using the shell bending equations developed by Donnell 
(1934). From the results, they concluded that a small geometrical imperfection could 
lead to a significant reduction in strength, taking the first step towards the 
explanation of the disagreement between experiment and theory. This was confirmed 
by Donnell and Wan (1950). At the same time, Koiter (1945) produced his PhD 
thesis which explored the phenomena of geometric imperfections and imperfection 
sensitivity more generally. He developed a much more efficient procedure for 
estimating determining the strengths of imperfect elastic shells. Due to the war his 
thesis was only translated into English much later (Koiter, 1945 in Dutch, translation 
1970). It is now commonly accepted that initial geometric imperfections play the 
greatest role in the discrepancy between the classical theory and experiments, at least 
for axially compressed cylinders.  
 
In the 1960s many different forms of initial geometric imperfections in shells 
were investigated and it was found that many shells, with different loads and 
different boundary conditions and different geometries, are sensitive to initial 
imperfections, but that the sensitivity is very dependent on many other factors. By 
the end of the 1960s the first computer programs were developed to calculate the 
elastic buckling failure load including nonlinear pre-buckling deformations and these 
became available to researchers, as described by Samuelson and Eggwertz (1992). A 
method of following both rising and falling nonlinear load paths was devised by Riks 
(1979), and is now widely used in finite element programs (e.g. ABAQUS, HKS, 
2003). These programs have made it possible to investigate many more load cases 
and combinations with fully nonlinear theory, different boundary conditions, non-
uniformities of loading and support and initial imperfections of both geometry and 





1.3 Influence of pre-buckling deformations 
(geometric nonlinearity) 
Because the classical theories for shell buckling adopted a one-dimensional 
membrane stress state, they effectively assumed that the stresses associated with 
local bending near the boundaries would not affect the buckling strength. But 
Donnell (1934) found that under certain circumstances the pre-buckling deformations 
could be of great importance, and that there could be a significant difference in 
outcome if the bending was treated as linear (small displacement theory) and if it was 
treated accounting properly for the deformed shape (large displacement analysis) 
depending on the length of the cylinder and its boundary conditions. The equations 
he developed were however rather complicated and difficult to solve.  
The influence of the geometric nonlinearity for a uniformly axially compressed 
shell varies with the length and end boundary conditions but normally lies between 
the limits 8-15% (reviewed in Yamaki (1984)).  
The role of geometric nonlinearity is clearly important in these classical shell 
buckling problems, but it is not sufficient to account for the huge loss of strength 
relative to the classical solution that is seen in tests. 
On the other hand, geometric nonlinearity in the pre-buckling deformations 
clearly plays a major role towards failure in some geometries (e.g. the open-topped, 
wind loaded tank investigated by Brendel and Ramm (1980)). In this case the 
reduction of strength due to geometric nonlinearity was more significant than the 
reduction of strength due to the investigated imperfections. This shows that under 
non-uniform loads, the effect of geometric nonlinearity may possibly be more 
important than geometric imperfections. This question will be seen to be important 
later in this thesis.  
1.4 Material nonlinearity 
Material nonlinearity is a deviation of the material behaviour from purely elastic 
behaviour. Commonly this means that apart from elastic material behaviour, elastic 
plastic and plastic material behaviour can be assumed in an analysis. Hence the 
material can yield (increase of strains without an increase of stresses). While the 
definition of plasticity is relatively simple when only stresses in one direction occur, 
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the definition becomes more complex when stresses in three dimensions occur. The 
basis for the solution to this problem was provided by plasticity theory of Tresca and 
von Mises (as reviewed in Mendelson, 1968). The plastic behaviour of plates and 
shells was subsequently investigated (Hopkins and Prager, 1953; Drucker, 1953, 
reviewed in Massonnet and Save, 1972).  
The nonlinear stress-strain behaviour of the material from which the cylinder is 
made (material nonlinearity) is usually regarded as a minor factor in the reduction of 
strength. Under the reference uniform loading cases (axial compression, external 
pressure, uniform torsion), thin shells tend to fail by buckling before any point 
reaches the yield stress. As a result, it has generally been assumed that buckling 
studies only need to consider yielding when the shell is quite thick, or when certain 
special geometries such as torispherical heads are being studied (e.g. Galletly, (1980), 
Galletly (1982); Wunderlich et al., (1982), Gotsulyak and Zhadrasinov (1985), Lu et 
al. (1995))  
However, this is not the case where the load case leads to stress peaks due to 
other design features, as is the case with a locally supported cylinder. In these cases 
yielding can occur very early at low load levels and this yielding might reduce the 
strength of the shell.  
The plastic collapse of shells has not been studied extensively, but there have 
been some investigations. Plastic collapse conditions in cylinders were studied 
extensively by Hodge and Brooklyn, 1954, Hodge and Panarelli, 1962,  Hodge, 1963, 
1964, and others in the 1960s. A good summary may be found in Massonnet and 
Save (1972). These studies were mainly concerned with pressure vessels. A later 
summary of this field may be found in Gerdeen (1979).  
 
1.5 Strength reduction due to boundary conditions 
Imperfections in the boundary conditions have not been found to have a strong 
influence on the buckling strength, so are not a satisfactory explanation for the 
reduction of strength. This is the case for most problems studied due to the relative 
short wave length of the buckling mode in comparison to the global dimensions of 
the shell (reviewed in Calladine, 1995), the greatest loss of strength due to the 
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boundary conditions was found when the edges of the shell were free to displace 
during buckling (reviewed in Teng and Rotter, 2004b). More information on the 
effects on boundary conditions can also be found in Yamaki (1984). 
1.6 Snap-though and bifurcation buckling 
The term buckling is often used rather loosely. In fact there are two different 
kinds of buckling response: bifurcation buckling and snap through buckling. 
Bifurcation buckling occurs when the primary equilibrium path (pre-buckling) 
intersects with a secondary equilibrium (post-buckling) path causing a rapid change 
in the deformed shape of the structure (Figure 1.10). The structure follows a stable 
path until bifurcation, but then rapidly transfers to the secondary path, which can be 
stable or unstable depending on the structure and load case.  The deformations after 
buckling look very different from the pre-buckling deformations. 
The second kind of buckling is the snap-through or limit point buckling.  Snap-
through is the consequence of changes of geometry, which can lead to a point of 
instability when the incremental change of geometry offers no stiffness with respect 
to the applied load set.  As an example of snap-though buckling, an arch with 
eccentric loading is shown (Figure 1.12). The arch deflects under increasing load and 
has a lower stiffness in the new (deflected) shape. When it reaches the limit load, it 
jumps to another point on the same load deflection path (no secondary path involved) 
(Figure 1.13), which lead to a dramatic change of shape in the post- buckling range 
(Figure 1.12). In the case of snap through buckling, the deformed shape after 
buckling is usually similar to the inverted shape of the original configuration.  This 
















Figure 1.10: Bifurcation of a column (original pictures in ECCS, 2007) 
 
Typical displacement u, v or w










(b2) Any typical displacement in structure (b2) Displacement in buckling mode 





















Figure 1.13: Load deflection curve of snap-through buckling (original pictures in ECCS, 
2007) 
1.7 Imperfection sensitivity in shells 
1.7.1 Introduction  
The discrepancy between the buckling strength predictions of classical theory 
and experiments prompted a significant amount of research. The key difficulty was 
that the experiments on structural members such as beams and columns, even frames 
and plates matched very well to the theoretical predictions of buckling strength, but 
this was very often not the case for shells. 
One reason for the good agreement between theory and experiments for 
structural members such as beams and frames is that the failure mechanism usually 
dominated by plastic collapse due to bending. The global failure of a beam is not far 
from the first plastic hinge (first cross section completely yielded) and therefore the 
analytical solution assuming failure at the point where the section has first yielded 
tends to match experiments very well. When elastic buckling of beams, columns and 
frames is considered, the match is again quite good because the bifurcation mode is 
very well defined and the post-buckling behaviour is stable. These two factors cause 
the buckling load to be rather insensitive to minor discrepancies such as geometric 
imperfections and imperfections of boundary conditions. 
The main reason for the difference between column buckling and shell buckling 
is that a perfect shell often has many different potential bifurcation modes, and many 
of these lead to weakening post-buckling paths. Where the post-buckling path is 
softening, any minor imperfection will lead to a significant reduction in achieved 
strength, and the structure will appear to be imperfection-sensitive. Thus for a shell 
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with many weakening post-buckling paths, any deviation from this state (i.e. 
geometric imperfections, imperfect boundary conditions and imperfect loading 
conditions) can lead to a significant reduction of the achieved strength below the 
theoretical value, even if the structure remains elastic.  
1.7.2 The shape of geometric imperfections  
As mentioned before the first studies of imperfect shells using geometric 
nonlinearity were performed by Karman and Tsien (1941), Donnell and Wan (1950), 
Koiter (1945 in Dutch, translation 1970), Hutchinson and Koiter (1970), Yamaki 
(1984).  These repeatedly showed the now accepted wisdom that initial geometric 
imperfections are the most dominate factor causing a big difference between results 
obtained in experiments and classical analytical predictions. These initial studies of 
imperfection sensitivity led to the development of an extensive field of research.  
The research changed its focus from the purely analytical approach to a 
numerical approach when computers became more widely available.  
But the shape and amplitude of the imperfection, which should be used to 
produce a reasonably realistic and damaging result for the strength of the shell was 
still an unknown. Several different approaches were taken by different research 
groups to try to identify critical shapes and amplitudes for damaging imperfections. 
A very popular choice of imperfection type is the idealised geometric 
imperfection (e.g. Brendel and Ramm, 1980; Hoehn et al., 2001; Teng and Song, 
2001; Cai, 2003; Pinna and Ronalds, 2003; Song et al., 2004; Guggenberger et al., 
2004). These imperfections use an idealised shape to permit general conclusions to 
be reached concerning the effects of different amplitudes. Examples of idealised 
forms are the first eigenmode, higher order eigenmodes, and a deformed shape 
extracted from a linear or nonlinear analysis as the initial deformed shape of the shell. 
When these idealised geometric imperfections are used, the research challenge is 
generally seen as the task of finding the “worst” imperfection shape and amplitude.  
This challenge has sometimes been addressed by searching for the “worst” 
imperfection shape for a given imperfection amplitude implicitly in the nonlinear 
finite element analysis (Deml and Wunderlich, 1997; also reviewed in Schmidt, 
2000). In order to incorporate this concept, three imperfection degrees of freedom at 
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each of its node of the shell element were added. The resulting set of nonlinear 
equations at each load increment are solved for a variable geometry leading to the 
“definitely worst imperfection shape and therefore to the lowest buckling load 
possible (as reviewed in Schmidt, 2000). 
However, the disadvantage of this approach is that this worst or most damaging 
imperfection might not be very likely to occur in practical construction. While such 
imperfections usually result in a significant reduction in strength, the probability that 
these imperfect shapes occur in a real structure are rather low. It would therefore be 
better to link this approach with imperfections caused by the fabrication process, 
which would make the calculated imperfection shape more realistic. 
To incorporate more realistic imperfections into the analysis, imperfections 
resulting from the welding process of the shell were proposed and have been 
analysed extensively (e.g. Rotter and Teng, 1989; Rotter and Zhang, 1990; Teng and 
Rotter, 1992b; Pircher and Bridge, 2001; Huebner et al., 2006). These weld 
imperfections were also analysed incorporating residual stress resulting from the 
process of welding, but were found to have usually a beneficial effect towards the 
failure load (Rotter, 1996; Holst et al., 2000; Pircher and Bridge, 2001). 
Even though weld imperfections are more realistic than, for example, an 
eigenmode imperfection, the real structure has many different forms of imperfection, 
which have naturally a somewhat random distribution due to other fabrication 
processes. Therefore other researchers approached the problem from a different angle. 
Small and full scale shells were measured and their actual shape recorded (Elishakoff 
et al. (1987), Singer and Abramovich (1995), Arbocz and Hol (1995), Arbocz (1991) 
and Ding et al. 1996a; b, also reviewed in Teng and Rotter, 2004b) and later used in 
nonlinear shell buckling analyses by Blachut et al. (1991), Chryssanthopoulos et al. 
(1991a; b), Chryssanthopoulos and Poggi (1995), Berry et al. (1996), Berry et al. 
(2000) and Zhao and Teng (2003). The method of construction naturally plays a very 
significant role in determining the form of such imperfections. Most of the above 
studies were of either space vehicles or pressure vessels, for which the method of 
fabrication is both different from each other and very different from civil engineering 
shells.  This is consequently a difficult aspect of this methodology.  A good summary 
of this work can be found in Teng and Rotter (2004b).  
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Using the measured actual shape of a cylinder, an analysis can then be 
conducted and should lead to an outcome closer to the experimental outcome. 
Clearly this is important for laboratory experiments, but the imperfections in 
laboratory specimens are generally different from those measured at full scale. So 
although this procedure might result in a closer agreement between the analysis and 
experiment, every single shell must still be measured before the analysis can be 
conducted. Thus it cannot be applied very easily to the design of full scale shells.  
To address this issue in the aerospace field, imperfection databases were 
constructed (Arbocz, 1982), where the measurements of the imperfections for 
different shells were recorded.  A remaining problem with these databases is that 
many shell structures are one-off structures, meaning that only one shell will be 
designed and built and therefore its measurements could not be included in the 
database. Imperfections also occurred randomly by nature and an imperfection 
measurement of the shell might not give a accurate description of the imperfections 
of a similar shell.  
To address the difficulty of predicting strength in advance, a probabilistic 
modelling approach was developed (e.g. Arbocz and Hol, 1995; Schenk and 
Schueller, 2003; Chryssanthopoulos, 1998; Chryssanthopoulos and Poggi, 1995). A 
review of “the probabilistic approach to design shell structures” can be found in 
Arbocz and Stam (2004). In this approach random variables are used to calculate the 
probability of failure. But the application of this methodology still depends on having 
a large database of imperfection measurements. While this is possible for expensive 
structures or when same fabrication process is used to build a number of these 
structures (e.g. aerospace structures), it is unlikely to be achieved in silos and tanks, 
which are not as expensive as aerospace structures and are commonly one off 
structures. 
It is natural that the amplitudes of imperfections depend on the quality of 
fabrication, so it was proposed by Rotter (1985) that different quality classes should 
be used in the design process, with a direct linkage to the tolerance control during 
construction.  This approach does at least permit the constructed shell to be evaluated 
afterwards, and if necessary, down-rated for the loading it is permitted to carry. 
So far no complete solution has been found to model imperfections, which are 
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both probable and damaging for any structure for a safe and economic design. It 
should be noted that even the imperfections measured on a shell do not include all 
the imperfections present in real structure such as material imperfections, residual 
stresses and imperfections of joints and boundary conditions. 
Some of the well-known approaches to include the imperfection sensitivity into 
the analysis have been mentioned, but the research field on shell buckling is very 
extensive and imperfection sensitivity plays a part in most investigations. Hence this 
review of developments should not be seen as a complete report of the research up to 
date, but more an extraction of main developments. 
1.7.3 Imperfection amplitudes  
It is generally accepted that larger imperfection amplitude cause a greater loss of 
strength compared. But while some form of imperfections cause a rapid loss of 
strength followed by a stabilisation of the imperfection sensitivity (curve a) in Figure 
1.14,other imperfection forms start with a less pronounced imperfection sensitivity, 
but the loss of strength continues without a stabilizing effect (curve b) in Figure 1.14 
(also in e.g. Yamaki, 1984). Therefore the “worst” imperfection does not only 
depend on the imperfection shape, but also on a specific imperfection amplitude. 
 
Figure 1.14: Imperfection sensitivity 
 
An example is shown in Figure 1.15, where the linear bifurcation lowest 
eigenmode (LEM), non linear bifurcation lowest eigenmode (NEM), post-buckling 
deformed shape (PDP) and weld depression (WD) imperfection forms are all 
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Figure 1.15: Different imperfection sensitivities for different imperfection forms (after 
Song et al., 2004)  
 
Even though it is commonly accepted after extensive research (e.g. Yamaki, 
1984) that larger imperfection amplitudes lead to a greater loss of strength, this is 
sometimes only true for very small imperfection amplitudes (Figure 1.16). 
 






















Figure 1.16: Example of descending and ascending imperfection sensitivity curves (after 
Song et al., 2004)  
 
Therefore a larger imperfection amplitude does not necessarily lead to a more 
conservative estimate of the buckling strength (Figure 1.16). To avoid the possibility 
that the imperfection chosen provides a result that lays on a rising part imperfection 
sensitivity curve several imperfection amplitudes needs to be investigated.  
It should be noted that the rules of EN1993-1-6 (2006) define only one 
equivalent geometric amplitude, though a warning is given in section 8.2.3.1 of the 
EN1993-1-6 that the calculations should verify that smaller amplitudes do not cause 
lower resistances.   
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1.8 Shells subjected to non-uniform loading and 
stress concentrations 
1.8.1 Introduction  
Studies of the buckling of shells have concentrated more on the load case of 
uniform compression of a cylinder than any other situation. This section will explore 
different loading cases and arrangement of shells, which lead to stress concentrations 
in the structure even though the loading is applied uniformly. Since this section will 
address the challenges, which are similar to the challenges found in studying the 
bracket supported silo, the literature will be reviewed in more detail. 
1.8.2 Non-uniform loading conditions 
The earliest studies of non-uniform loading conditions sought to determine the 
linear elastic stress distribution in the shell.  An early analytical solution using the 
classical linear bending theory was conducted with circumferentially varying loading 
by Bijlaard (1955).  He performed a linear analysis using a local patch load normal to 
the cylinder.  The first studies of buckling under such loads used linear bifurcation 
theory and were performed by Peter (1974) and Libai and Durban (1977). These 
showed that a perfect shell buckles under this loading condition when the local 
maximum axial stress is slightly higher than the classical elastic critical stress. 
 
The two non-uniform load cases described here in detail are a patch load normal 
to the shell and a vertical strip of load with finite length and width. The EN1991-1-4 
(2006) specifies the use of a patch load normal to the shell to give an approximate 
modelling of unsymmetrical pressures on a silo wall as a consequence of eccentric 
filling or discharge. When the pressure normal to the wall is increased, the vertical 
stress is also increased because of the long wave bending response of the shell 
(Rotter, 2001b). 
 
A pair of opposed strips of frictional load acting down the axis of a cylinder was 
investigated by Cai (2003).  The purpose of this investigation was to produce a zone 
of high local axial stress in the middle of the shell so that the conditions under which 
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axial stresses cause buckling locally could be thoroughly explored, free of the 
additional complications of circumferential stresses and boundary conditions. The 
aim was to try to see what the buckling conditions might be for situations like 
eccentric discharge in a silo, where the axial compressive stress is locally very high 
but is far from the boundaries. For different widths of this partial loading, Cai (2003) 
found that two different kinds of buckle can develop: for narrow load strips of load a 
central buckle formed, but for wider strips the buckle formed at the edge of the 
loaded strip.  A circumferential weld imperfection was placed at the zone of 
maximum axial stress and it was found that the imperfection sensitivity in this 
situation was moderate.  
A similar partial load pattern was investigated by Song et al. (2004), who 
applied a local axial load on one boundary of the cylinder.  This produced a slightly 
different stress state in the shell and buckling patterns that were affected by the 
proximity of the boundary.  The edge of the loaded zone caused a discontinuity 
similar to that found by Cai et al. (2002), and they too discovered two types of 
buckle: one central to the loaded zone and the other associated with the discontinuity 
at the edge of the loaded zone.  But the focus of their study became the effect of 
different imperfection shapes on the nonlinear bifurcation load.  They studied the 
effects of imperfections in the form of the linear bifurcation mode, the nonlinear 
buckling mode, several post-buckling deformed shapes in the perfect shell, and a 
weld depression. One clear finding was that the linear eigenmode imperfection is far 
from being the worst imperfection in this case.  However, the study also clearly 
showed that the worst imperfection form depends on the amplitude of the 
imperfection.  For realistic amplitudes of imperfection, the weld depression led to the 
lowest failure load found in this investigation (Song et al., 2004).  However, it 
should be noted that the placement of this weld depression was critical, and when 
placed close to the boundary, it also introduced a boundary deviation which may 
have exacerbated the effect of the weld depression itself.  
Patch loads normal to a cylinder lead to a significant loss of strength.  These 
were first studied by Samuelson (1987, 1990) who found that quite small values of 
pressure acting inward on a local zone could cause very significant buckling strength 
deteriorations.  
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Walker (2001) also studied such normal loads using finite element analyses of 
an imperfect cylinder with a local weld depression imperfection, and found 
significant imperfection sensitivity.  
Song and Teng (2003) studied the effects of different patch loads defined by 
different national silo design standards. Unfortunately the manner in which these 
patch loads were defined in these older standards was not very representative of true 
silo load cases, and the overall conclusion of their study was that such patch loads 
did not have a significant detrimental effect on the failure behaviour. 
Gillie and Rotter (2002) performed extensive linear elastic analyses of cylinders 
subject to patch loads of different shapes and in different locations.  They concluded 
that such patch loads have the potential to produce considerable von Mises stresses 
and axial compressive membrane stresses which could lead to either plastic failure or 
buckling. The response of the shell loaded with a patch load is clearly extremely 
complex.  
1.8.3 Shells on local supports 
1.8.4 Introduction  
A special case of a shell subject to local loads leading to stress concentrations is 
the locally supported cylinder.  In this case, it is not the applied loading that is non-








a) supports beneath 
cylinder 
b) bracket supports  c) full length 
columns attached 
to wall 
d) ring girder for 
large silos 
Figure 1.17: Different support arrangements 
 
In practice many shell structures, such as silos, are often supported on local 
supports in the form of columns to create the clearance for vehicles or conveyer belts 
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to be loaded directly from the silo. Even though this application is common in 
practice it has only been studied by researchers recently. Different support 
arrangements are possible (Figure 1.17). The columns are either attached to the 
bottom of the cylinder (Figure 1.17a), to brackets at any height on the cylinder 
(Figure 1.17b), where the brackets are welded onto the cylinder or the columns 
themselves are attached over a part or the whole length of the cylinder (engaged 
columns, Figure 1.17c). When the columns are positioned underneath the cylinder 
circumferential stiffeners (e.g. ring stiffeners or skirts for larger silos) might be 
necessary (Figure 1.17a d). These stiffeners are included to prevent buckling failures 
(Rotter, 2001a). 
The first simple membrane theory calculations were probably performed in the 
1930s by Flügge (1973), but the first linear shell analysis was that of Kildegaard 
(1969), which illustrated the complexity of the problem. This analysis covered only 
discrete point forces on the bottom boundary of a cylinder.  
The stress patterns arising from local supports, which introduce axial forces into 
the bottom part of a cylinder were explored by Gould et al. (1976) who were mostly 
concerned with the complex stress patterns and load transfer from an engaged 
support into the shell.  Later Rotter (1982) studied a similar problem of a silo with a 
ring girder on local supports, but the principal focus of that study was the very 
complex pattern of stresses that develop in such a ring.  The decay of local axial 
compression in the cylinder was treated as secondary. 
1.8.5 Computational studies of discrete supports at 
Edinburgh and Graz  
In the past two decades, research on the behaviour of cylinders above local 
supports became more extensive.  Comprehensive studies in Graz and Edinburgh 
investigated the effect of local supports underneath the cylinder, whilst experiments 
were conducted in both Gent and Edinburgh. The main load case investigated by the 
group in Graz (Figure 1.18) was uniform compression on the top boundary of a 
cylinder with the other boundary on a local support (Greiner and Guggenberger, 
1998; Guggenberger, 1998; Guggenberger et al., 2000; Guggenberger, 2006). This is 
a suitable load case for experimental testing, but a very approximate model for 
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realistic silo or tank loads (since most of the axial compression derives towards the 




a) discretely supported silo b) rotational spring at the local support 
Figure 1.18: Sketch of the discretely supported silo and rotational spring investigated in 
Graz 
 
These studies assumed an unstiffened shell (i.e. no stiffening element at all on 
the cylinder like a ring stiffener) to explore the behaviour of this basic case before 
moving towards the more complex case of different stiffening elements. All the 
studies used only four supports which were treated as flexible (free to rotate around 
the circumferential axis, k=0 in Figure 1.18).  A second load case in which internal 
pressure was included was studied by Greiner and Guggenberger (1998).  In practice, 
internal pressure is introduced by stored solids or liquids which induce 
circumferential membrane stresses.  These act together with the assumed 
compression at the shell boundary. The study found that even though the internal 
pressure causes a reduction in the load carrying capacity in a geometrically nonlinear 
elastic analysis (GNA) and in a geometrically and materially nonlinear analysis 
(GMNA), it had a beneficial effect on the load carrying capacity when the cylinder 
was treated as imperfect in a geometrically and materially nonlinear analysis with 
imperfections (GMNIA). This finding matches that for internally pressurised 
cylinders under uniform axial compression, so is perhaps less remarkable than it 
appears at first sight. 




rotational spring with 
stiffness k=0 
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buckling mode of the perfect elastic shell. Due to the beneficial effect of the internal 
pressure in the most sophisticated analysis (GMNIA) it was proposed that the effect 
of the internal pressure should be ignored to achieve a conservative estimate of the 




a) discretely supported silo b) rotational spring at the local support 
Figure 1.19: Sketch of the discretely supported silo and rotational spring investigated in 
Edinburgh 
 
At the same period as the above studies in Graz, the research group in Edinburgh 
produced several studies of locally supported cylinders, using both geometrically and 
nonlinear analysis with both elastic and materially nonlinear models (Teng and 
Rotter, 1990; Rotter et al., 1991; Teng and Rotter, 1992a, She and Rotter, 1993; Li, 
1994; Li and Rotter, 1996). The loading condition used was uniform wall friction 
down the shell, which induced progressively rising axial compression () , but which 
was still conservative relative to real silo loads. These studies examined the 
behaviour of cylinders with many different numbers of supports, which were all 
treated as rigid (k=∞, Figure 1.19), producing a rather different stress state locally in 
the shell. The adopted imperfection was a weld depression, which was placed a short 
distance above the support: this choice was influenced by the evidence from 
measurements on full scale silos (Rotter et al., 1992; Ding et al., 1996b).  These 
studies also included the effects of internal pressure (Li, 1994), and reached the same 
conclusion that internal pressure is beneficial.   
Teng and Rotter (1990) performed bifurcation and non-linear analyses of a silo 
supported on columns performed using the finite element program LUSAS. The 
local support 
P silo wall 
rotational spring with 
stiffness k=∞ 
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supports were rigid.  In a rigid support, the displacement of the shell above the 
supports in vertical direction is constant over the width of the support, whereas the 
stresses of the shell above the support are constant over the width of a flexible 
support. The study was restricted to a single shell geometry with a varying number of 
column supports.  
In a further study by Teng and Rotter (1992a) using the finite element program 
LUSAS investigated the effects of flexible supports, the effects of changing various 
parameters such as the silo radius to thickness ratio, the boundary conditions at the 
top and bottom of the silo and the number and width of the column supports. The 
loading was treated as a uniformly distributed axisymmetric downward meridional 
traction on the cylinder modelling the friction on the silo wall due to the stored bulk 
solid. The results showed that the number of supports has little effect on linear 
buckling strength within practical limits since buckling is highly localized and the 
stress distribution above one column does not influence the stress distribution near 
the next column as long as the span in between is large enough. In this investigation 
the first interactions between columns was found for a silo on 16 columns, which is 
certainly an unusual configuration.  
The same reasoning applied to the height of the cylinder. As long as the cylinder 
is long enough to prevent interaction with the top boundary condition, the height of 
the cylinder does not influence the buckling strength. The bracket width was found to 
have a significant influence for narrow brackets, but this influences decreases with 
increasing width. Furthermore it was found that flexible supports reduced the 
strength significantly.  
As part of the Edinburgh investigation, a comprehensive computational study of 
the locally supported silo was carried out by Li, 1994. The supports were modelled 
underneath the cylinder. The finite element program ABAQUS (HKS, 2003) was 
used for this numerical model.  Three loading cases were investigated. The range of 
geometries used was limited, but different analyses with different levels of 



















a) bracket dimensions b) shell dimensions and notation 
Figure 1.20:  Sketch of a bracket supported silo with the bracket located at mid-height  
 
The research groups in Graz and Edinburgh jointly published a first proposal for 
design rules for axially loaded steel cylinders on local supports (Guggenberger et 
al. ,1998). The proposal involved substantial work in reconciling the results that the 
two groups had obtained (particularly because of the different load cases assumed 
and the different forms of imperfection studied), with different components being 
contributed from the two groups. These proposals included rules for both flexible and 
rigid supports, but they were based only on computational studies (Guggenberger et 
al., 1998). 
In his most recent publication, Guggenberger (2006) explored the elastic 
stability and imperfection sensitivity of axially loaded shells on very narrow supports. 
An eigenvalue analysis of a cylinder with point support was investigated amongst 
other aspects.  This is a slightly strange study, since it was established at a very early 
stage that narrow supports lead to predominantly plastic failures, whilst wide 
supports produce buckling under relatively elastic conditions. A point supported silo 
is a purely theoretical structure, but the outcome may provide a basis for further more 
practical supports.  Nevertheless, in the context of what follows in this thesis, it may 
be said that the most useful aspect of this study is the identification of the linear 
bifurcation load (LBA) for a point supported cylinder.  
All of the above studies focused on local supports directly underneath the middle 
surface of the silo wall, and no eccentricities relative to this location were explored.  
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1.8.6 Eccentricities at discrete supports  
The first researchers to investigate the effect of the eccentricity of the support in 
a column supported cylinder were Gould and Sen (1974) using a linear elastic 
analysis. The columns in this study were not placed directly underneath the cylinder 
(Figure 1.17a), but were connected to the cylinder wall over a part of the height of 
the silo (Figure 1.17c). The moment introduced into the shell due to eccentrically 
placed column condition was studied by Gould and Sen, 1974, Gould et al., 1976. 
Gould and Sen (1974) derived a simple algebraic expression for the moment 
transmitted to the wall of a tank by eccentric brackets when the column is assumed to 
be rigid, but simply supported. The distribution of radial stresses transmitted to the 
shell by the support was simplified to be linear over the height of the part of the 
column, which was attached to the silo wall.  
A later study by Gould et al. (1976) analysed the effect of an eccentric column 
attached to a cylinder with conical hopper. The analyses were all linear elastic (LA). 
The investigation also explored the effect of ring-beam stiffeners.  
The main finding of these studies was that a cylinder without ring beam 
transmits high localized compressive membrane stresses into a silo or tank wall in 
addition to the bending moments from the eccentricity of the support.  By contrast, 
ring-stiffened cylinders have stress states that are closer to the membrane theory.  
Recent studies in Edinburgh (Gillie et al., 2002; Holst et al., 2002; Gillie and 
Holst, 2003) explored another kind of silo support including eccentricity; the bracket 























a) general arrangement  b) pinned bracket c) rotationally stiff bracket 
Figure 1.21: Alternative treatments of the bracket support  
 
In this case the support is connected to the cylinder at mid-height (Figure 1.20b) 
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instead of being placed underneath the cylinder (Figure 1.17a). When the support, in 
this case a bracket, is connected to the cylinder at mid-height the stress distribution 
around the bracket (including tension on the bottom and shear on the side of the 
bracket) dominates the failure behaviour.  
In these studies a pinned connection between the bracket and its supporting 
column was chosen (Figure 1.21b), modelling a very flexible column. This bracket 
support was free to rotate around the circumferential axis as well as to move in radial 
direction and the moment introduced by the eccentricity of the bracket plays an 
important part in reducing the strength and buckling load of the cylinder. As 
indicated in Figure 1.20a the bracket was assumed to have additional vertical 
stiffeners. These stiffeners were not modelled separately. Instead it was assumed that 
they will only provide additional stiffness to the bracket. Therefore, as a 
simplification, the bracket itself was modelled as infinitely stiff (Holst et al., 2002; 
Gillie et al., 2002; Gillie and Holst, 2003). The main load case in all three 
investigations was tension at the bottom of the silo, which is not as damaging as 
either compression on the top (as assumed in the Graz studies) or uniform friction 
down the whole cylinder (as assumed in the earlier Edinburgh studies).  
This load case represents the load transmitted from a stored bulk solid onto the 
silo structure primarily by gravity loads on the hopper, which then produces a tensile 
axial membrane forces in the lower part of the silo wall.  
Since different levels of sophistication can be chosen for the strength analysis, 
the failure criteria for each analysis must be defined. The different failure criteria to 
be used for shells on local supports were adopted by Holst et al. (2002) from the 
draft European Standard (ENV1993-1-6, 1999).  
A major observation in Holst et al. (2002) is that the load deflection path 
extracted from material nonlinear analysis (i.e. plastic collapse of the structure) did 
not achieve a plateau even at relatively large deflections. Gillie et al. (2002) and 
Gillie and Holst (2003) proposed that a maximum bracket rotation should be chosen 
as a failure criterion for plastic collapse when no plateau could be reached.  This 
proposal followed as a special case of the failure criterion given in ENV1993-1-6 
(1999). 
The eccentricity of the bracket causes a moment to be induced when the bracket 
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is free to rotate about the circumferential axis.  
For small eccentricities, the silo fails by buckling, but at large eccentricities a 
plastic collapse was found by Gillie et al. (2002).  In these investigations of Gillie et 
al. (2002) and Gillie and Holst (2003), the local support was free to rotate about the 
circumferential axis, but was at mid-height of the silo rather than at the bottom of the 
silo as in the earlier Graz and Edinburgh studies.  The imperfection sensitivity 
studies produced some surprising findings.  It was found that there was an extreme 
sensitivity to eigenmode imperfections and to weld depression imperfections that 
were relatively distant from the bracket, but weld imperfections situated just above 
the bracket were found to increase the strength of the silo. This outcome was perhaps 
not expected.  
When the bracket is assumed to be rigid (Figure 1.20a) and rigidly connected to 
a stiff column (i.e. only free to move radially, but not to rotate about the 
circumferential axis) (Figure 1.21c) the effect of the eccentricity disappears, since no 
moment can be introduced by it (Doerich, 2002).  This condition is the subject of this 
thesis, so the results naturally contrast with the findings of  Gillie et al. (2002) and 
Gillie and Holst (2003). 
A more recent development is research on engaged columns (Figure 1.17c) 
(Zhao and Yu, 2005). The columns are welded or bolted onto the silo wall either over 
the full height or over part of the height of the cylinder. This case is a logical 
development from the bracket supported silo.  In this first simple study (Zhao and Yu, 
2005), linear buckling analyses (LBA) showed that the bifurcation load increases 
with the width of the column as well as the length of the column, which is attached to 
the cylinder. The geometrically nonlinear elastic analysis (GNA) showed local 
dimple above the column termination for columns, which are attached to the cylinder 
for up to 80 % of the cylinder height. For longer columns no such dimple could be 
found. It might be judged from pictures provided in Zhao and Yu (2005) that buckles 
appear beside the engaged column as a consequence of the shear transfer, but no 
mention had been made about the occurrence of shear buckles or the failure mode for 




1.9 The Eurocode 
The literature shows clearly that computerized numerical calculations have 
largely replaced analytical analyses in the study of shell buckling. The advantage of 
computerized numerical analyses is that more complex and sophisticated structures 
can be analysed.  However, these analyses require the designer and the researcher to 
have a very good understanding of the behaviour of the structure, since only the end 
result of the numerical solution is available. This might lead to the misconception 
that every result computed by a finite element program is the correct result. More 
than ever before, designers and researchers need to be very aware of the dangers 
resulting from this misconception. Since the solution of a problem is usually not 
known at the beginning, it is very difficult to judge if a numerical solution is correct. 
Therefore very careful studies need to be undertaken before the analysis of the actual 
problem. The elements and meshes as well as boundary conditions and loading used 
in the analysis need to be checked very carefully. Moreover, checks against standard 
benchmark reference problems, against other existing calculations, and where 
possible against experimental findings, are all very necessary parts of the verification 
that the computer program and the numerical model of the system are both 
functioning as expected. 
The next challenge for the designer and the researcher is to decide what kind of 
analysis should be used and what kinds of simplification will still produce an 
adequate solution.   
But in the past, even when an adequate solution was achieved, sometimes it 
could not be incorporated into the design process because the design standards did 
not take numerical solutions properly into account, since these standards (e.g. 
DIN18800, 1990) generally took the view that their role was to define the strength of 
single structural members, such as columns and beams, but the determination of the 
stress resultants acting on them was a matter for the designer. Furthermore, these 
standards were all, and predominantly still are, focussed on the use of hand 
calculations for the design. Even so, some of the assumptions behind this 
methodology are not valid, as described by Rotter (2002).  
Therefore a standard was needed that would regulate the use of more 
sophisticated analyses for special problems. Nowhere was this more necessary than 
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in the design of shell structures, which display a great range of behaviours and are 
complicated to analyse by hand.  As a result of this situation, the drafting committee 
for the European shell structures standard (EN1993-1-6, 2006) chose to try to address 
all kinds of analysis and to regulate their use and the interpretation of the outcomes.  
This standard describes different kinds of numerical analyses and their definition of 
failure (Rotter, 1998b, 2005). This offers great progress for designers. It is now 
possible to calculate using many different kinds of finite element analysis and to use 
the recommendations in the standard to undertake the design of a complicated shell 
structure. The standard describes the complete strength of a shell with the interaction 
of all the effects that were individually studied before, using a capacity curve to 
describe the interactions between stability and plasticity (Rotter, 2002). As a result, 
extensive empiricism is no longer necessary when describing the strength of shells. 
The EN1993-1-6, 2006 is not restricted to a few specific problems, but is a generic 
code, where non-standard problems such as the locally supported shells can be 
analysed without being specifically defined as a recognised shell buckling problem  
(Rotter, 2002).  
The Eurocode (EN1993-1-6, 2006) covers not only the use of numerical 
analyses: it also fully specifies the hand-calculation method for standard designs.  
When the numerical approach is used, this standard also provides numerical 
design benchmark test for the verification of meshes and elements. Further details 
about the structure and philosophy of the standard can be found in Rotter (2002, 
2005,).  
The standard requires the calculation of the dimensionless slenderness of any 
structure, which is defined by 
 pl crR Rλ =  (1.2) 
where Rcr is the elastic critical resistance and Rpl is the plastic reference 
resistance. These two reference strengths calculate the two different idealized 
phenomena: pure linear elastic bifurcation buckling as the exemplar of stability 
failure and small displacement theory plastic collapse as material breakdown. 
Different levels of analysis are described in the Eurocode at different levels of 
sophistication (Table 1.1).  
The linear elastic analysis (LA) is based on small displacement theory and a 
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linear elastic material model of the perfect structure, but it includes both stretching 
and bending deformations. It can also be used to estimate the plastic collapse or 
plastic reference resistance Rpl using Ilyushin yield criterion (Ilyushin, 1948) at the 
point of first yield. The approximation of the plastic collapse load using the Ilyushin 
criterion is sometimes reasonably close to the true plastic collapse load if the stress 
field is close to uniform. When the structure has some kind of high stress 
concentration, the plastic collapse load is easily greatly underestimated by the use of 
an LA analysis, since the stress concentrations do not typically lead to a plastic 
failure.  Instead, the development of a full plastic failure mechanism is required 
before failure can occur. 
Type of analysis Shell theory Material law Shell 
geometry 





Linear elastic shell analysis (LA) linear bending  
and stretching 
linear perfect 
Linear elastic bifurcation analysis 
(LBA) 
linear bending  
and stretching 
linear perfect 
Geometrically non-linear elastic 
analysis (GNA) 
non-linear linear perfect 
Materially non-linear analysis 
(MNA) 
linear non-linear perfect 
Geometrically and materially 
non-linear analysis (GMNA) 
non-linear non-linear perfect 
Geometrically non-linear elastic 
analysis  with imperfections 
(GNIA)  
non-linear linear imperfect 
Geometrically and materially 
non-linear analysis with 
imperfections (GMNIA)  
non-linear non-linear imperfect 
Table 1.1: Terminology used in EN1993-1-6 (2006) (original table in EN1993-1-6, ,2006) 
 
The linear bifurcation analysis (LBA) is an eigenvalue analysis using small 
displacement theory with linear elastic material properties and without imperfections.  
It is based on the stresses derived from a linear elastic analysis (LA). The linear 
bifurcation analysis is used to determine the elastic critical resistance Rcr of the 
structure. It should be noted that this analysis cannot detect snap-through buckling 
and care should be taken when snap-though buckling is possible for a structure. 
 
 39
Snap-though and bifurcation buckling can be detected with a geometrically 
nonlinear elastic analysis (GNA). Pre-buckling deformations are taken into account 
using large displacement theory. Pure buckling behaviour without the influence of 
material nonlinearity or imperfections can be studied using this analysis. As most 
thin shell buckling problems exhibit little plastic behaviour, this analysis is often 
seen to be accurate enough for the strength assessment of a perfect shell. When an 
explicit model of imperfections is introduced into the geometrically nonlinear elastic 
analysis, the term used in the Eurocode changes to geometrically nonlinear analysis 
with imperfections (GNIA). 
An accurate value for the plastic reference resistance Rpl can only be determined 
with materially nonlinear analysis (MNA). Small displacement theory and a 
nonlinear material model of the perfect shell are used in this analysis. 
While the GNA analysis considered only the nonlinear buckling behaviour and 
the MNA materially nonlinear analysis considered only the plastic collapse, a 
geometrically and materially nonlinear analysis (GMNA) unites these two aspects of 
behaviour in one analysis using large deflection theory and nonlinear material 
properties. This analysis gives an accurate description of the perfect shell or of 
imperfection insensitive structures. The terminology changes to materially and 
geometrically analysis with imperfections (GMNIA), when explicit modelling of 
imperfections is introduced into the system. 
The reference loads Rcr and Rpl obtained using the analyses above are used to 
determine the relative slenderness of the structure (Eq. 1.2). The relative slenderness 
can then be used to obtain the characteristic strength χ of the structure using the 
general capacity curve with  
 ( )GMN I A plR Rχ =  (1.3) 






















Figure 1.22: General capacity curve 
 
If the capacity curve is not known yet for the structure, further analyses have to 
be performed. A fully nonlinear analysis (GMNIA) including imperfections must be 
performed.  
When the imperfection sensitivity of the shell plays a significant role in its 
failure behaviour, either a GMNIA or a GNIA analysis must be performed. For these 
analyses an imperfection shape and amplitude have to be chosen.  
The standard (EN1993-1-6, 2006) addresses the challenge of imperfection 
amplitudes by dividing all structures into different quality classes. For each quality 
class, a different maximum imperfection amplitude is defined, depending on the 
geometry of the structure. The following paragraph is taken from EN1993-1-6 (2006) 
identifying the imperfection amplitude depending on the fabrication tolerance. 
(18) The amplitude of the adopted equivalent geometric imperfection form should be 
taken as dependent on the fabrication tolerance quality class.  The maximum deviation of the 
geometry of the equivalent imperfection from the perfect shape  Δw0,eq  should be the larger of  
Δw0,eq,1  and  Δw0,eq,2, where: 
Δw0,eq,1  =  g  Un1  ... (8.29)  
Δw0,eq,2  =  ni  t Un2 ... (8.30)  
where: 
g  is  all relevant gauge lengths according to 8.4.4 (2); 
t   is  the local shell wall thickness;  
ni is  a multiplier to achieve an appropriate tolerance level; 
Un1 and Un2  are the dimple imperfection amplitude parameters for the relevant fabrication tolerance 
quality class.   
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Concerning the choice of imperfection form, which was discussed at some 
length above, the standard indicates that a number of different imperfection shapes 
should be considered.  These include: 








a)  flattening b)  unsymmetrical 
Figure 1.23: Measurement of diameters for assessment of out-of-roundness (original in 
EN1993-1-6, 2006) 
• eccentricities (deviations from a continuous middle surface in the direction 



















ea = etot – eint
a) unintended eccentricity 
when there is no change of 
plate thickness 
b) intended offset at a 




(unintended plus intended) 
at change of plate thickness





















a) Measurement on a meridian 
(see 8.4.4 (2) a)) 
b) First measurement on a circumferential 
circle 
(see 8.4.4 (2) a)) 
 
Δwox 














c) First measurement on a meridian across a 
weld 
(see 8.4.4 (2) c)) 
d) Second measurement on a circumferential 
circle 
















e) Second measurement on a meridian across 
a weld with special gauge 
(see 8.4.4 (2) c)) 
f) Measurements on a circumferential circle 
across a weld 
(see 8.4.4 (2) c)) 
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• material imperfections, such as: residual stresses caused by rolling, pressing, 
welding, straightening etc.; 
• inhomogeneities and anisotropies, irregularities at and near welds (minor 
eccentricities, shrinkage depressions, rolling curvature errors),  
• deviations from nominal thickness; 
• lack of evenness of supports. 
The standard also specifies that “The sign of the equivalent geometric 
imperfections should be chosen in such a manner that the maximum initial shape 
deviations are unfavourably oriented towards the centre of the shell curvature” and 
“The eigenmode-affine pattern should be used unless a different unfavourable pattern 
can be justified.”   These two definitions have influenced choices made in this thesis 
concerning the shape and direction of chosen imperfections.  
In general, the framework of  (EN1993-1-6, 2006) not only applies to the 
designer, but also to researchers. It defines a unified way of displaying the behaviour 
of a shell structure and studies from different researchers or different fields are made 
much more easily comparable and comprehensible. With only a few parameters the 
important aspect of the strength and stability of the shell, such as the influence of the 
geometric nonlinearity or the onset of plastic buckling. A more detailed discussion 
can be found in Chapter 6. It greatly reduces the empiricism (e. g. Guggenberger, 
1998) that has been widespread in the field of shell stability  
The framework of the EN1993-1-6 (2006) was applied throughout this thesis.  It 
is believed that this thesis is one of the first studies in which the power of this 
framework has been put to the test to determine whether it can provide a simple 
methodology for exploring challenging shell buckling problems that involve many 
parameters. 
Other structural design standards that are relevant to this thesis and are 
internationally acknowledged are: 
Eurocode 3: Design of steel structures: Part 4.1: Steel silos: EN1993-4-1, 2007 




1.10 Loading condition 
A silo will experience a number of different loading conditions during its 
lifetime. These loading conditions can be split into different categories: static loading 
conditions due to the bulk solid or fluid (Rotter, 2001a), loading due to operational 
procedures like discharging of the silo (e.g. Ooi et al., 1990; Rotter, 2001a ; Rotter, 
2007). 
The effect of these loading conditions on a typical silo shell structure have been 
the subject of many individual studies: for example, studies of the structural 
consequences of filling and discharge (e.g. Rotter et al., 1989), external sources like 
wind loading (e.g. Brendel et al., 1981), seismic loading (e.g. Wunderlich and Seiler, 
2000; Virella et al., 2006; Rotter and Hull, 1989) or differential settlement of the 
ground underneath the silo (e.g. Godoy and Sosa, 2003; Holst and Rotter, 2004 and 
2005). 
 
Loading due to the filling and discharge of silos and due to external sources 
usually to non-uniform pressures (Ooi et al., 1990) with consequent complicated 
stress patterns in the silo structure that are known to be damaging to the silo. One of 
most damaging conditions is eccentric discharge (Rotter, 2001a). In this case, the 
flow channel of the moving solids may be in contact with the silo wall creating zones 
of low pressure, which induce high axial membrane stresses in the silo wall (Rotter, 
1986, 2001b).  
Due to the highly non-uniform stress patterns in the cylindrical shell near a 
bracket support, the simple static loading case was chosen in this thesis to investigate 
the principal nature of this problem without the influence of other highly non-
uniform effects like eccentric discharge. 
The loading condition discussed here is the load due to a stored bulk solid within 
the silo. Therefore a short description of the basic theory of Janssen (1895) is given. 
The Janssen theory relates the vertical friction on the wall to the internal pressure due 
to the bulk solid and explains why pressures in silos do not increase greatly with 
depth below the surface.  
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1.10.1 Janssen silo pressure theory for vertical walls 
A tall silo filled with bulk solid is shown in Figure 1.25.  A small section of the 
bulk solid inside the silo is examined (Figure 1.25a) and the vertical equilibrium of 
the slice is established as a first order differential equation (Eq. 1.4), in which γ is the 
bulk density of the solid, τ is the frictional stress caused by the bulk solid, q is the 
mean vertical stress caused by the weight of the solid acting at that level and p is the 
horizontal pressure caused by confinement acting at that level. The section has the 
dimension dz as the height of the section, U is the circumference of the wall 
enclosing the section and the plan area is A.  Shear stresses on the top and bottom of 




 k  =  
p













Figure 1.25: Silo contents, notation and a section of solid (original picture in Rotter (2001a)) 
 
In order to assess the mean vertical stress caused by the weight of the solid at 
any height of the cylinder, the vertical equilibrium of this small section (Figure 1.25a) 
is calculated. The solution can then be given by 
 ( ) A U dz qA A dzq dq τ γ+ = ++  (1.4) 
or after rearranging 
 dq A U A
dz
τ γ+ =  (1.5) 
Two assumptions are made by the Janssen theory as described by Rotter (2001a). 
First, it is assumed that fully developed wall friction exists at every point on the wall 
and that the vertical stress q can therefore be calculated using the wall friction 
coefficient μ (Figure 1.25). The second assumption is that the mean horizontal 
pressure p on the wall is related to the mean vertical stress q by a single parameter, 
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known as the lateral pressure ratio K (Figure 1.25). 





μ γ+ =  (1.6) 
After integration of Eq. 1.6 and applying a boundary condition that there is a 
zero mean vertical stress at z=0 (top of the silo, Figure 1.25), this leads to 






= + −  (1.7) 
or 
 ( )00 1 z zq q e−= −  (1.8) 
with 





=  (1.10) 
or transformed to using Figure 1.25a 
 ( )00 1 z zp p e−= −  (1.11) 
Further information on the derivation can be found in Rotter (2001a). A typical 
pattern of the stress distribution can be seen in Figure 1.26. 
p 
Asymptotic value  
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1.10.2 Deductions from the Janssen theory to the loading 
conditions in the numerical model 
The Janssen theory shows that the main loading components of a silo are the 
friction on the side of the wall and the internal pressure due to the stored bulk solid.  
When the cylinder is very tall the horizontal pressure is close to uniform on a 
significant part of the cylinder wall and therefore the friction is also uniform due to 
τ=μp, since the pressure distribution is asymptotic (Figure 1.26). 
When the cylinder is moderately short or the friction coefficient is small, the 
greater part of the total weight of solids rests on the hopper (q is close to γz), since 
only a small amount is transmitted though friction into the silo walls (Figure 1.27).  
In most simple descriptions, the silo is uniformly supported at the bottom of the 
cylinder (Rotter,2001a). When the silo is tall and the friction can be assumed to be 
uniform over most of the cylinder, the logical loading case for experiments and 
numerical analysis may be uniform friction down the silo wall is compression on the 
top of the silo, but for more typical large silo geometries, the dominant loading 
comes from the weight on the hopper. 
 
Figure 1.27: hopper load 
 
When the silo is supported at the mid-height of the cylinder and most of the 
weight of solids rests on the hopper, the resulting stress condition for the cylinder is 
tension applied to the bottom edge of the cylinder, with a resulting shear on the sides 
of the bracket and compression on the top of the bracket.  
When Figure 1.26 is examined again it also evident that more tension due to the 
friction than compression will be transmitted into the bracket and that the friction 
will be approximately uniform underneath the bracket. 
Stress transferred 
back into the 
cylinder wall 
bulk solid 
Stress resulting from the 
bulk solid in the cylinder 
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If typical properties for bulk solid are assumed and the cylinder has a height to 
diameter ratio of up to 2, then most of the weight of stored solid rests on the hopper 
(about 70%). 
If about 70% of the total weight rests on the hopper, then 30% of the weight is 
transferred though friction into the silo wall. But more than half of this (>15%) will 
be underneath the bracket and will therefore be transferred as tension into the 
bracket. Hence typically 85% of the weight in a silo with H/d about 2 is transferred 
as tension underneath the bracket.  
It has also been shown (Rotter and Teng, 1989; Greiner and Guggenberger,1998; 
Li, 1994) that internal pressure applied by the stored material to the silo wall reduces 
the effect of geometric imperfections. Furthermore, the stiffness of the stored solids 
has a beneficial effect on the strength of the cylinder (Rotter and Zhang, 1990; Rotter 
et al.; 1989). While the wall friction will introduce compressive stresses above the 
bracket, which will contribute to the structures buckling sensitivity and could 
potentially be serious, the total amount of wall friction above the bracket is small as 
discussed above and is ignored for the benefit of a simple load case. The assumption 
of a simple load case is necessary to gain a principal understanding of the problem 
for the first investigation of a bracket supported silo, but needs to be expanded in 
future investigations. 
As a result of these considerations, the chosen simple loading condition for this 
study of bracket supports on the side of a cylindrical shell is tension on the bottom of 
the cylinder without consideration of internal pressure or wall friction. This loading 
case applies even more clearly to fluid-storing tank structures where all the weight of 
the fluid rests on the hopper bottom, so all the weight of the contents comes into the 
cylinder as a tension on the bottom edge of the cylinder.  
Standards applicable to silo loading are: 
ACI313 (2004) “Standard Practice for Design and Construction of Concrete 
Silos and Stacking Tubes for Storing Granular Materials” ACI 313-91, with 
Commentary (ACI 313R-91) American Concrete Institute, Detroit, 27pp 
 
AS3774-1996 (1996) “Loads on Bulk Solids Containers”, Australian Standard, 
Standards Association of Australia, Sydney, October 
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DIN1055-6 (2005) “Design Loads for Buildings: Loads in Silo Bins”, DIN 1055 
Part 6, Deutsches Institut fuer Normung, Berlin, May. 
 
Eurocode 1: “Basis of design and actions on structures: Part 4: Actions in silos 
and tanks, EN1991-1-4 (2006) 
More detailed information on the effects of bulk stored solids on silo structures 
can be found in Rotter (2001a) 
1.11 The finite element program ABAQUS 
Due to the great complexity of shell structures, analytical solutions have become 
very difficult to perform for the kinds of practical problem that engineers must face.  
As a result, the analytical solutions have largely been replaced by numerical 
predictions.  In this investigation the commercial general-purpose finite element 
program ABAQUS (HKS, 2003) has been used.  ABAQUS standard was used in all 
analyses. 
This program can be a powerful tool not only for standard problems, but also for 
the designer.  It is used worldwide in a wide range of applications. The theoretical 
formulation is based on the finite element stiffness method. 
For complex geometries, the mesh discretisation was always a challenge when it 
was programmed by hand, but it did have the advantage that the user knew 
everything about the input file including the mesh, the elements, the boundary 
conditions and the analysis method. 
Now that the pre-processor CAE (HKS, 2003) is available and provides an easy 
discretisation of elements, a very complicated structure can be modelled efficiently 
and accurately. However the disadvantage is that the user does not know the input 
file intimately, which makes it much more difficult to identify and correct errors. 
In this thesis, both methods have been used. 
ABAQUS also provides an extensive library of shell elements including thin 
shell elements, thick shell elements, general purpose elements and shell elements that 
can address problems of heat transfer. 
The facilities for material modelling are very versatile. Predefined material 
 50
models can be chosen, including different plasticity models and viscoelastic models. 
When more complexity is needed, user-defined material models can be implemented 
to model the material to specific needs. 
The number of pre-defined boundary conditions is also extensive and includes 
symmetry boundary conditions as well as kinematic boundary conditions. More 
advanced boundary conditions can be implemented through user-defined subroutines. 
The load incrementation in an analysis can be user-defined with a constant load 
increment or an automatic load incrementation exploited. 
For highly nonlinear analyses, the automatic path step incrementation feature is 
especially useful. When the structure displays a rapid change in behaviour, as for 
example at bifurcation, the automatic path step incrementation responds quickly. But 
unfortunately this automatic path step incrementation does not always lead to an 
accurate result for the peak attained load (ABAQUS theory manual HKS, 2003), 
especially when bifurcation occurs and is followed by a falling post-buckling path. In 
this case the analysis must be restarted at a point shortly before buckling, using very 
fine used-defined incrementation (an example will be shown in Chapter 5). 
For the exact calculation of the post-buckling path, the modified Riks algorithm 
is provided by ABAQUS. While other static method have an prescribed load and 
calculate the corresponding deformed shape, the modified Riks method does not only 
use the displacements as an unknown, but also the load magnitude. Since both, 
displacement and load magnitude are unknowns, ABAQUS Standard uses the “the 
arc length along the static equilibrium path in load displacement space”(HKS, 2003). 
The essence of the method is that the solution is viewed as the discovery of a single 
equilibrium path in a space defined by the nodal variables and the loading parameter 
(as described in HKS, 2003). This method has the great advantage that also 
equilibrium point with a negative stiffness matrix (i.e. buckling and post- buckling) 
can be captured. 
A subspace iteration eigensolver is used for eigenvalue extraction (for further 
information see ABAQUS Theory manual (HKS, 2003). This eigensolver calculates 
the lowest eigenvalue in the system, disregarding the direction of the applied load. 
When for example a cylindrical shell is analysed under axial tension (instead of axial 
compression), the extracted eigenvalue is the absolute smallest eigenvalue and is 
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consequently a negative value, corresponding to a reversal of the load to produce a 
large zone of compression.  This means that care must be taken to ensure that 
eigenvalues are obtained, which corresponds to the correct direction of the loading.  
To resolve this problem when a reversal of loading would produce the lowest 
eigenvalue, a preloading must be applied in the same sense as the applied in the 
eigenvalue extraction analysis to ensure that the lowest eigenvalue will be in the 
correct sense.  This preloading method is only used for linear eigenvalue analyses, 
where the linearity of the problem permits superposition to apply and ensures that the 
eigenvalue extraction will be correctly executed.  
In this investigation, where a linear bifurcation analysis was performed, the 
eigenvalue extraction method was used.  But in all other analyses, the modified Riks 
algorithm was used. 
1.12 Problem description and numerical 
assumptions 
The problem studied in this thesis is a bracket supported silo. The number of 
brackets was chosen to be four, since the support on four columns is a common 
arrangement. The failure behaviour is very localized around the bracket due to the 
stress concentrations, so the number of columns does not play a significant role as 




















a) bracket dimensions b) shell dimensions and notation c) finite element mesh
Figure 1.28: geometry and loading of the bracket supported silo 
 
The bracket is located at mid-height on the cylinder (Figure 1.28b) to avoid 
interference from the boundary conditions at the top and bottom of the silo. 
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The height of the cylinder has been kept constant with H/r=4 to ensure that the 
boundary conditions at the top and bottom of the cylinder did not affect the outcome.  
It is reasonable to suppose that the proximity of a boundary condition would lead to 
an increased predicted strength, so this assumption is conservative. For the modelling 
of a real structure, assumptions have to be made in the numerical analysis. Stress 
concentrations will appear in the bracket supported silo around the bracket. The area 
around the bracket was judged to be the weakest point in the structure and when it 
was clearly established that the failure modes did not involve points distant from the 
bracket, the hopper and roof were omitted in the numerical analysis and replaced by 
out-of-roundness constraints, modelling a stiff ring, as boundary conditions at the top 
and bottom edges of the silo. 
The material was modelled to be either linear elastic or linear elastic-perfectly 
plastic depending on the analysis type, which is described in detail in later chapters. 





















a) general arrangement  b) pinned bracket c) rotationally stiff bracket
Figure 1.29: Alternative treatments of the bracket support  
 
In a real structure, the bracket would be significantly stiffer than the cylindrical 
shell due to stiffening plates attached to the vertical and horizontal part of the bracket 
(Figure 1.29). This was achieved by increasing the thickness of the elements of the 
bracket to the extent that the bracket behaves rigidly compared to the shell wall.  
The column was also assumed to be rigidly connected to the bracket and very 
stiff (Figure 1.29c), allowing for bracket movement in the radial direction only (no 
rotations).  Following this assumption it was not necessary to model the column. 
A 45 degree model of the silo was used in most analyses due to symmetry 
conditions. These symmetry conditions were applied at a vertical line through the 
middle of a bracket and at a vertical line through the midway between two bracket. 
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The validity of this assumption was verified for each of the nonlinear analyses list 
symmetry conditions. 
The elements used in the final mesh were the thick shell element S8R for the 
bracket and for the immediate area around the bracket and the general purpose 
element S4R for the remainder of the structure (Figure 1.28c).  The detailed 
reasoning behind this choice and the difficulties associated with other potential 
choices will be described in later chapters.  
The loading was chosen as a uniformly distributed tensile ring load at the bottom 
of the cylindrical shell. The assumptions concerning material and geometric linearity 
or nonlinearity are stated in each chapter.   
The shell elements used in this thesis are defined by ABAQUS (HKS, 2003) as 
follows: 
S4R is a 4-node doubly curved general-purpose shell with reduced integration, 
hourglass control and finite membrane strains. 
S8R is an 8-node doubly curved thick shell with reduced integration. 
The thick shell element S8R is also known to display a slightly stiffer behaviour 
than the general purpose element S4R (ABAQUS manual (HKS, 2003))  
1.13 Aims 
The aim of this investigation is to obtain a good understanding of the influence 
of highly non-uniform stress distributions in the failure behaviour of thin curved 
shells.  Here, the highly non-uniform stress distribution is introduced by attaching a 
stiff bracket onto the cylinder wall.  The aim is further to provide a good description 
of the strength and the failure behaviour of the bracket supported silo, including a 
range of potential geometries for both the bracket and the cylindrical shell silo. 
The study was performed purely using numerical analysis. A study of small 
scale experiments has been conducted (Thorburn and Patrick, 2005), but due to 
considerable difficulties in the experimental arrangement, no useful experimental 
data could be extracted for comparison with the calculations of this thesis.  
Due to the lack of experimental data, benchmark tests were performed wherever 
possible to ensure that the results were accurate with the elements and mesh chosen.  
Possible sources of error, such as boundary conditions and mesh convergence 
 54
issues, were tested for each analysis type. 
Even though experimental data are vital for the verification of numerical data 
since they give a good insight if the assumptions in the numerical analysis, which can 
not be tested within the numerical analysis itself are correct, it is believed that the 
principal mechanisms can be captured by the numerical analysis and that this 
numerical study will therefore to a better understanding of the principal behaviour.  
Moreover, this study will permit the careful design of a limited experimental 
exploration to verify key findings using the knowledge gained in this study such as 
the relative importance of imperfections or likelihood of the structure to fail in an 
elastic, elastic plastic or plastic manner. 
To understand the complex behaviour of a bracket supported silo it is necessary 
to examine the influences of geometric nonlinearity, material nonlinearity and 
imperfection sensitivity.  The effects of geometric nonlinearity and material 
nonlinearity each need to be studied separately to gain knowledge of the influence 
and limiting conditions to which they refer.  Before evaluating the influence of 
geometric nonlinearity, it is vital to perform a linear bifurcation analysis to give the 
reference condition against which bifurcations in the nonlinear analysis may be 
assessed.  
In the next step the behaviour is studied with both geometric and material 
nonlinearities interacting.  Finally the influence of geometric imperfections is 
investigated. 
The whole investigation is performed within the framework of the European 
standard  (EN1993-1-6, 2006)  
To achieve the aims outlined above the following approach has been taken: 
An overview of historical and current research has been given. The problem 
specifications and numerical assumptions were outlined and a justification has been 
given for the loading condition chosen in the numerical model. 
The general behaviour of an example bracket supported silo will be shown in 
Chapter 2 to give an overview of the different possible analyses and the possible 
failure modes investigated in this thesis. The stress patterns found in different 
analyses will be compared. 
 
Chapters 3-7 comprise an extensive parametric study of the problem. 
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Chapter 3 explores the outcome of linear bifurcation analysis (LBA).  This 
analysis is not only one of the necessary reference loads required by the Eurocode, 
but it is vital for understanding the role of geometric nonlinearity. A good empirical 
approximation and a physical model to explain the linear elastic buckling failure will 
be presented.  
 
The plastic collapse of the bracket supported silo is investigated in Chapter 4 and 
an analytical expression for the plastic failure is presented. A comparison between 
the strength calculated by a full materially nonlinear analysis (using small 
displacement theory) and several estimates using linear analysis and first yield 
criteria are made. Due to many difficulties in the numerical analysis, a recalculation 
of some previous research findings (Gillie et al., 2002) will be shown and compared 
with their work. 
Geometrically nonlinear phenomena in an elastic bracket supported silo are 
investigated in Chapter 5. The results are compared with the results of the linear 
bifurcation analysis to examine the change of strength due to pre-buckling 
deformations. 
Chapter 6 describes the consequences of the interaction between material and 
geometric nonlinearity.  For this purpose, capacity curves are developed which 
combine the new understanding and results won in the previous chapters. An 
empirical fit is given for the parameters of the capacity curves for the set of 
geometries chosen.  
Chapter 7 explores the effects of geometric imperfections in the GNIA/GMNIA 
analysis, and demonstrates some interesting and critical aspects of imperfection 
sensitivity and geometric nonlinearity in unsymmetrically loaded shells.  
Chapter 8 will give a summary of the conclusions drawn from the investigation 
and make proposals for future research. 
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2 Comprehensive study of the behaviour of an 
example shell 
2.1 Introduction 
This chapter presents an outline description of the behaviour of a cylindrical steel 
shell that is discretely supported on several brackets, each rigidly connected to a stiff 
column or floor. The linear, materially nonlinear, geometrically nonlinear and 
bifurcation behaviours of the shell under these conditions are outlined. This chapter 
should be seen as a short preview and overview of the analyses that are more 
comprehensively described in later chapters and as an introduction to the failure 
behaviour. The behaviour of the shell under the set of assumptions underlying each 
analysis is discussed further in the corresponding chapters. 
2.2 Example bracket support  
An example bracket support is studied here to explore the characteristics of the 
behaviour.  This bracket was chosen as a geometry in which there is significant 
interaction between elastic buckling and plasticity, even though the shell is thin, 
placing it clearly in the elastic-plastic buckling regime for this structure.  The manner 




















a) bracket dimensions b) shell dimensions 
 and notation 
c) finite element mesh 
Figure 2.1: geometry and loading of the bracket supported silo (dark lines in c) indicate very 
small elements) 
 
The key parameters of this representative problem were: height of the cylinder 
H/r = 4, radius of the cylinder r/t = 600, height of the bracket h/r = 0.12, half width of 
the bracket d = h/3, thickness of the cylinder t=1 and the number of columns n = 4 
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(Figure 2.1), with the material parameters are E = 2×105 MPa, ν = 0.3 and 
σY = 250 MPa.  
Only one eighth of cylinder was model to exploiting the symmetry conditions. 
Two vertical symmetry lines were used, one through the middle of one bracket and 
another one midway between two brackets (as indicated in Figure 2.1). 
In the following analyses of this chapter, all the loads are described in a 
dimensionless manner, using the reference force RREF applied to each bracket: 
 ( ) ( )2REF cl clR A n rt nσ σ π= =  (2.1) 
in which the classical elastic critical buckling stress σcl for uniform axial 
compression is given by 
 0.605cl E t rσ =  (2.2) 
The force RREF is used to normalise all the strength calculations.  This reference 
load corresponds to the classical elastic critical stress for uniform axial compression 
being applied in tension around the full shell circumference at its lower edge. The 
horizontal coordinate was made dimensionless using the bending half wave length λ.  
 








The membrane stress resultants are made dimensionless using the yield stress 
multiplied by the thickness of the cylinder σyt. 
The problem was studied using the commercial finite-element (FE) package 
ABAQUS (HKS, 2003). The analysis used two element types, both of which are 
rectangular doubly curved shell elements with reduced integration. Most of the model 
used the 4-noded general-purpose S4R element (Figure 2.2), but in the zone around 
the bracket and the bracket itsself the 8-noded thick shell element S8R (Figure 2.2) 
was used because of its superior performance in highly plastified zones. Further 





Figure 2.2: Finite element mesh using S8R (dark grey) and S4R (light grey) 
 
In the following, the results of the different analyses defined in EN1993-1-6 
(2006) are shown.  These begin with the reference analyses of linear elastic analysis 
(LA), linear bifurcation (LBA) and the plastic reference load (MNA), and are 
followed by geometrically nonlinear (GNA) and geometrically and materially 
nonlinear (GMNA) analyses, and analyses including explicitly modelled 
imperfections (GMNIA).  The role of each of these different analyses was described 
in Chapter 1. 
 
2.3 Linear Elastic Analysis (LA) 
The simplest treatment of this problem is a linear elastic stress analysis. It is 
useful to study the pattern of load transfer from the tension near the shell base into the 
bracket, in preparation for an understanding of the behaviour found later in other 
analyses.  In simple terms, one might expect that the vertical tension from the load on 
the base circumference would be fed into the base of the bracket, perhaps with some 
shear transfer onto the sides of the bracket.  The first images worthy of study are 
therefore the axial membrane stress pattern and the membrane shear pattern in the 
shell. 
The bracket causes an inward deformation of the shell over a significant height 










directions (Figure 2.3a).  It may be noted that the wall becomes flatter in this region, 
which is later seen to have a detrimental effect on the buckling strength.  
 
 
a) deformation in LA 
 load factor = 9.125  
deformation factor = 500
b) linear bifurcation mode 
 (close up view)  
Figure 2.3: Linear elastic deformations (LA) and linear bifurcation mode (LBA) (Note: The 
two dark horizontal lines and the dark vertical line correspond to very fine elements) 
 
Figure 2.5a shows the axial membrane stress on horizontal lines at several 
different levels in the shell.  At the bottom, the load is applied and there is the 
expected uniform axial tension. Half way between the base and the bracket, elevated 
tensile stresses develop towards the bracket meridian, with a corresponding decrease 
away from the bracket meridian. Just below the bracket, high tensile stresses focus 
into the bracket, with a distribution similar to that of a rigid footing on an elastic 
halfspace (Timoshenko and Goodier, 1970).  A strong peak can be seen at the bracket 
corner, but tensile stresses also continue in the shell away from the bracket meridian, 









A= midway between top of the silo 
 and bracket 
B=just above the bracket 
C=at the middle of the bracket 
D=just below the bracket 
E=midway between bracket and 
   bottom of the silo 
F=bottom of the silo 
Figure 2.4: Location of the horizontal lines used in Figure 2.5 
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On the side of the bracket, some of the load is transferred in shear (Figure 2.5b) 
as can be seen in the peak in membrane shear at mid-height of the bracket. Above the 
bracket, load is transferred by compression into the top of the bracket (Figure 2.5a), 
with a similar high peak associated with the bracket corner, as was seen just below the 
bracket.  It is clear that the corners of the bracket represent points of strong stress 
concentration, and that local plasticity will affect the behaviour here quite strongly.  
These are also points at which high shell bending stresses develop. 
The circumferential membrane stresses are shown in Figure 2.5c, where it can be 
seen that high circumferential membrane stresses are developed near the top and 
bottom of the bracket through Poisson effects which arise due to the restraint of 
displacements by the stiff bracket.  Thus this is another case where high stiffness leads 
to unexpected stresses and here they affect the first yield condition strongly (tensile 
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midway between top of the silo and bracket 
just above the bracket 
at the middle of the bracket 
just below the bracket 
midway between bottom of the silo and bracket 
bottom of the silo 
circumferential coordinate at the 
end of the bracket
Figure 2.5c: Dimensionless circumferential membrane stress resultant at different heights in 
the silo (LA) 
2.4 Estimating the plastic strength of the shell from 
linear analysis 
It is not a simple task to determine the potential failure state of a shell from a 
linear elastic analysis.  The first type of failure that might be considered here would 
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be a plastic collapse failure, which should strictly involve a fully developed plastic 
strain rate field (plastic flow mechanism) involving both bending and stretching of the 
shell (Massonnet and Save, 1972).  But since this is quite an onerous analysis to 
perform, whether by hand or computationally, it is not reasonable to expect that all 
analysts will use a small displacement theory materially nonlinear analysis (MNA) of 
the structure to obtain the plastic collapse load. Consequently, the European shell 
standard EN1993-1-6 (2006) defines how this load can be estimated from the results 
of a linear elastic analysis.  Since such an estimate is not easy to make, several 
alternative criteria were applied in the present study to see how effective they might 
be. The three criteria chosen for this investigation were: a) first surface yield; b) first 
surface yield according to the Ilyushin yield criterion, which is recommended in 
EN1993-1-6 (2006); and c) first membrane stress resultant yield.  
Here these three estimates of the plastic collapse strength were compared with the 
formal limit load calculated using ABAQUS, which is described below.  The results 
show that all three criteria lead to very conservative estimates.  The first surface yield 
criterion predicts failure at 14.8%, the Ilyushin criterion predicts failure at 12.4%, and 
first membrane yield at 20.8% of the true plastic collapse load.  These conservative 
predictions are caused by the high stress concentration at the corners of the bracket.  
Clearly more research is needed to find better criteria to use in estimating the plastic 
collapse strength from the results of linear analyses. Further discussion about the 
estimation can be found in Chapter 4. 
2.5 Linear Bifurcation Analysis (LBA) 
Following a linear elastic analysis, it is a simple matter to determine the linear 
bifurcation load computationally. The linear elastic bifurcation mode for the example 
bracket is shown in Figure 2.3b. The buckling mode is quite local and lies just above 
the bracket. The LBA buckling load RLBA for this geometry is found to be 
RLBA/RREF = 0.450 even though this load is applied as a tensile force at the bottom of 
the shell. If it is assumed that the support force is taken only in compression above the 
bracket and this result is reinterpreted in terms of the mean compressive stress just 
above the bracket σub, it is found that σub/σcl = 9.09, so that that even if the 
compression is deemed to be only one third of the total load transmission, the mean 
vertical stress above the bracket is a poor estimate of this simplest buckling strength 
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measure. A Full description of the bifurcation behaviour of the bracket supported silo 
will be presented in Chapter 3. 
2.6 Geometrically Nonlinear Analysis (GNA) 
When a geometrically nonlinear analysis is used for the prebuckling calculation 
(GNA), the prebuckling path is close to linear and the buckling load 
(RGNA/RREF = 0.297) is found to be much lower than the bifurcation load of an LBA 
analysis.  The strength reduction due to geometric nonlinearity is 36%.  This shows 
that the local bending deformations of the prebuckling state modify the buckling 
resistance of the shell considerably, as was seen also in the calculations for other local 
stress conditions by Holst and Rotter (2005) and Cai et al. (2002).  It may be noted 
that in uniformly compressed cylinders, geometric nonlinearity leads to a strength 
reduction of typically 15% (Yamaki, 1984), so this 36% reduction shows that 
geometric nonlinearity is very important: where local bending phenomena occur in a 
zone where a local buckle may form, the effects of geometric nonlinearity are usually 
very much greater than under conditions of uniform loading.  
 
The prebuckling shape just before and the postbuckling deformed shape just after 
the peak load are shown in Figure 2.6. The prebuckling deformations extend far above 
the bracket and the postbuckling deformed shape naturally includes these 
deformations. The incremental change between these two forms was therefore 
evaluated to extract the nonlinear incremental buckling mode (Figure 2.6c). The shape 
and location of the GNA nonlinear buckle is significantly different from the linear 
bifurcation mode (Figure 2.3b). The prebuckling deformed shape (Figure 2.6a) shows 
an enlarged flattened zone above the bracket, which leads to lower curvature and is 
principally responsible for the reduction in buckling strength.  
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a) pre-buckling 
deformation, 




deformation factor = 35 
c) nonlinear incremental 
bifurcation mode  
(close up view)  
deformation factor = 70 
Figure 2.6: Deformation just before and just after buckling in geometrically nonlinear 
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Figure 2.7: Load-displacement curves for different analysis types 
 
The nonlinear load-deflection curve is shown in Figure 2.7 (dotted), where the 
nonlinear bifurcation event can be seen to cause a sudden decrease in load, as is 
typical in compressed shells.  The membrane stress patterns seen in the geometrically 
nonlinear elastic analysis are shown in Figure 2.8.  Three different points on the load 
deflection curve have been taken: one well before buckling in the elastic range, one 
just after buckling and one at the lowest load on the post-buckling path.  The axial 
membrane stress resultant (Figure 2.8a) shows that the compressive peak near the 
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corner of the bracket is increased after buckling, as might be expected since the 
buckle softens the zone above the middle of the bracket. In this middle zone, the 
compression is highest just after buckling, but it decreases suddenly at the lowest load 
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)] just above the bracket   - elastic range
just above the bracket   - just after buckling
just above the bracket   - lowest point of postbuckling
circumferential coordinate at the 
end of the bracket
 
Figure 2.8a: Dimensionless axial membrane stress resultant just above the bracket at 
different stages (GNA) 
The circumferential membrane stress resultant above the bracket (Figure 2.8b) is 
dominated by a high tension developing at the bracket corner, exacerbating the high 
local axial compression in this location and causing early yield. These stresses are 
sustained after buckling, making this high stress concentration susceptible to yield 
despite the buckling changes in geometry elsewhere.  The membrane shear stresses at 
the mid-height of the bracket (Figure 2.8c) and circumferential membrane stresses 
below it (Figure 2.8d) are substantially unchanged by the buckling event above.  
However, it may be noted that high circumferential tensile stresses develop over the 
top of the bracket deep in the post-buckling regime. 
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just above the bracket   - elastic range
just above the bracket   - just after buckling
just above the bracket   - lowest point of postbuckling
circumferential coordinate at the 
end of the bracket
 
Figure 2.8b: Dimensionless circumferential membrane stress resultant just above the 
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t)] at the middle of the bracket   - elastic range
at the middle of the bracket   - just after buckling
at the middle of the bracket   - lowest point of postbuckling
circumferential coordinate at the 
end of the bracket
Figure 2.8c: Dimensionless membrane shear stress resultant the middle of the bracket at 
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just below the bracket   - elastic range
just below the bracket   - just after buckling
just below the bracket   - lowest point of postbuckling
circumferential coordinate at the 
end of the bracket
Figure 2.8d: Dimensionless circumferential membrane stress resultant just below the 
bracket at different stages (GNA) 
2.7 Materially Nonlinear Analysis  (MNA) 
When ideal elastic-plastic material nonlinearity is introduced, but small 
displacement theory is still adopted (no change in geometry), the calculation leads to 
the reference MNA plastic collapse load (RMNA/RREF = 0.257).  The form of the load-
deflection curve is classic (Figure 2.7: black squares), with significant plastic 
deformations developing at loads well below the collapse load, but forming a 
horizontal plateau at the collapse load. The collapse load corresponds very well to a 
simple theoretical calculation of full plasticity around the bracket  
 Ref 2 2 2 3 2 3y yR d t h tσ σ= +  (2.4) 
as indicated in Figure 2.9 and fully exploiting the biaxial stress state provided by 
the restraint of the bracket. The dimensionless membrane stress resultants around the 
bracket from the finite element analysis (Figure 2.10) confirm that the theoretical 
stress state (Figure 2.9b) is correct. The derivation of this reference load is detailed in 
Chapter 4. This bracket geometry was specially selected to be in the range where 
strong interactions are expected between plasticity and stability, so the MNA plastic 
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a) von Mises yield ellipse  b) stresses on different zones 
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Figure 2.10: Dimensionless membrane stress resultant around the bracket 
 
The membrane stress patterns in the plastic collapse mechanism and at different 
heights in the silo are shown in Figure 2.11.  The axial membrane stress resultant 
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(Figure 2.11a) reaches the limits of the von Mises envelope 2 3 1.155y yσ σ± ≈ ±  
(Figure 2.9a), above and below the bracket, but away from the bracket it decreases to 
the applied load per unit circumference. The circumferential membrane stress 
resultant (Figure 2.11b) immediately above and below the bracket reaches the 
corresponding reaction stress 3 0.577y yσ σ± ≈ ± , again consistent with this point 
on von Mises ellipse, but away from the bracket it decreases to zero.  Under fully 
plastic conditions, the stresses above and below the bracket are symmetrical (Figure 
2.11), though under elastic conditions the axial tension below the bracket was, of 







































midway between top of the silo and bracket   -fully plastic
just above the bracket   -fully plastic
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midway between top of the silo and bracket   -fully plastic
just above the bracket   -fully plastic
at the middle of the bracket   -fully plastic
just below the bracket   -fully plastic
midway between bottom of the silo and bracket   -fully plastic
bottom of the silo   -fully plastic
circumferential coordinate at 
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Figure 2.11c: Dimensionless membrane shear stress resultant at plastic collapse 
 
2.8 Geometrically and Materially Nonlinear Analysis 
(GMNA) 
When both geometrical and material nonlinearities are included (GMNA, more 
detailed information in Chapter 6), the limit load or bifurcation seen in the GNA 
analysis is, perhaps naturally, removed (Figure 2.7) and the shell moves smoothly 
from an unsymmetrical pre-buckling deformation pattern into a different 
unsymmetrical post-buckling form, passing through a limit load (RGMNA/RREF = 0.219) 
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as it does so.  For this geometry, this limit load is slightly below the plastic collapse 
(MNA) and nonlinear elastic bifurcation (GNA) loads. 
  
a) elastic range b) just before peak load  
  
c)  shortly after buckle development d)  at the lowest postbuckling load 
Figure 2.12: Von Mises stress distribution on the outer surface (GMNA analysis: 
deformation factor 15) 
 
The patterns of von Mises equivalent stress on the outer surface of the silo is 
shown in Figure 2.12. In the elastic range (Figure 2.12a), the maximum surface 
equivalent stress lies beneath the corner of the bracket. Just before buckling (Figure 
2.12b) yield has occurred around most of the bracket, and just after buckling (Figure 
2.12c) the local inward directed buckle above the bracket has caused an extension of 
the yield zone.  At the lowest load on the post-buckling path (Figure 2.12d), this 
deepening local buckle becomes extensively yielded.  The images in Figure 2.12 were 
taken from the ABAQUS (HKS, 2003) post processor. 
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The distributions of the membrane stress resultants in the GMNA analysis are 
shown in Figure 2.13 on three horizontal lines adjacent to the bracket. The stress 
states at three different points on the load defection path (Figure 2.7) are shown: one 
in the elastic range, one just after bucking and one far into the post-buckling range. 
The sharp stress concentration in axial membrane stress seen in the elastic range at the 
bracket corner (Figure 2.8a) is rapidly smoothed by yielding after buckling (Figure 
2.13a) and a rather uniform stress transfer develops at the peak attainable stress of 
2 3 1.155y yσ σ± ≈ ± and this is sustained deep into the post-buckling range.  The 
axial membrane stress resultant above the bracket shows a different behaviour: the 
elastic peak compression that developed at the corner (Figure 2.5a) moves inwards to 
be over the bracket after buckling, but is accompanied by a big drop in compression 
just beyond the corner.  This drop is exacerbated in the post-buckling range.  However 
because these stresses are strongly affected by the presence of the buckle, the uniform 
stress state seen in an MNA analysis (Figure 2.11a) does not develop.  The 
circumferential membrane stress resultant (Figure 2.13c) sustains the same peak at the 
corner throughout, but in the post-buckling range it falls to zero above the bracket.  
These differences between geometrically nonlinear and materially nonlinear stress 
patterns illustrate the strong interactions between changes of geometry and stress 






































)] just below the bracket  elastic range
just below the bracket  just after buckling
just below the bracket  lowest point of postbuckling
circumferential coordinate at 
the end of the bracket
Figure 2.13a: Dimensionless axial membrane stress resultant just below the bracket  







































just above the bracket  elastic range
just above the bracket  just after buckling
just above the bracket  lowest point of postbuckling
circumferential coordinate at 
the end of the bracket
Figure 2.13b: Dimensionless axial membrane stress resultant just above the bracket  









































just above the bracket  elastic range
just above the bracket  just after buckling
just above the bracket  lowest point of
postbuckling
circumferential coordinate at 
the end of the bracket
 
Figure 2.13c: Dimensionless circumferential membrane stress resultant just above the 
bracket at different stages (GMNA) 
 
The dimensionless membrane shear resultant on a horizontal line through the 
middle of the bracket (Figure 2.13d) sustains the same form from pre-buckling, 
through buckling, and into the post-buckling range, only limited by the von Mises 
limit in shear 3 0.577y yσ σ± ≈ ±  and is unaffected by the buckle above the bracket.  
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There is no suggestion of a plastic shear buckle here, even after extensive deformation, 
chiefly because the shear stress drops very quickly away from the bracket and there is 
not a large enough highly stressed zone for a buckle to develop.  This is a common 
phenomenon is zones where shear stresses are locally high.  It may be noted that a 
point-by-point assessment of buckling strength (DASt-Richtlinie-017-E, 1980; 
EN1993-1-6, 2006) is therefore very conservative if it depends on a high shear 
component.   
 
In conclusion, the cylinder yields in shear on the side of the bracket just after 








































at the middle of the bracket  elastic range
at the middle of the bracket  just after buckling
at the middle of the bracket  lowest point of
postbuckling
circumferential coordinate at 
the end of the bracket
 
Figure 2.13d: Dimensionless membrane shear stress resultant at the mid-height of the 
bracket at different stages (GMNA) 
 
2.9 Geometrically and Materially Nonlinear with 
explicit Imperfections Analysis (GMNIA) 
Many, but not all, shell buckling configurations show considerable sensitivity to 
geometric imperfections. It is therefore most important to establish how imperfection 
sensitive the bracket-supported cylinder might be.  The effect of a geometric 
imperfection was explored using a materially and geometrically nonlinear analysis 
with imperfections explicitly defined (GMNIA), and introducing a linear eigenmode 
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imperfection (Figure 2.3b), as proposed in EN1993-1-6 (2006), with an amplitude of 
one wall thickness.  The resulting load deflection curve is shown in Figure 2.7 
(circles), and indicates that the imperfection simply rounds off the peak seen in the 
GMNA analysis, producing a slight further strength reduction (RGMNIA/RREF = 0.204), 
together with a slightly falling post-failure curve.  If the cylinder had been under 
uniform compression, a strength loss of perhaps 70% might have occurred due to an 
imperfection of this amplitude (Rotter, 2004), so this example shows that the bracket-
supported cylinder is not very imperfection-sensitive. The effect of geometric 
nonlinearities is investigated on a wider range of geometries in Chapter 7. 
2.10 Interaction between plasticity and buckling 
Although the example problem gives a good insight into the details of the 
behaviour of this structural arrangement, it does not illustrate what changes occur as 
the slenderness of the system is altered, so that either buckling or plasticity might 
dominate.  The range of possible behaviours is most easily illustrated by studying a 
range of geometries or material strengths that give rise to different slendernesses, 
using the plot proposed by Rotter (2003) to capture the full range.  Here, the same 
shape of bracket was used, but the yield stress was modified to produce different 
slendernesses.  This plot is shown in Figure 2.14, where the ratio of the GMNA to 
MNA failure loads is plotted against the ratio of the GMNA to LBA failure loads.  
High slenderness configurations are found at the bottom right, where elastic buckling 
at a knock down factor of 0.67 may be seen.  When the slenderness has fallen so far 
that the ratio of GMNA to MNA reaches 0.4, the failure begins to be noticeably 
affected by yielding (though local yielding has occurred in more slender cases), and 
plasticity begins to dominate as the stocky conditions produce failures at which the 
GMNA failure load approaches the MNA value (top left).  For this problem, it is clear 
that geometric nonlinearity plays a strong role in slender structures and that elastic-
plastic buckling affects a wide range of stockier geometries.  The plastic collapse load 
is only approached for very stocky conditions.  The example problem described above 
was chosen, with a yield stress used of σY = 250 MPa, to lie in the area where yielding 
and buckling phenomena would strongly interact. 




































Figure 2.14: Capacity curve for shells of different slenderness 
2.11 Conclusions 
 
This chapter has presented an outline description of the behaviour of a cylindrical 
steel shell that is discretely supported on several brackets, each of which is rigidly 
connected to a stiff column.  The linear, materially nonlinear, geometrically nonlinear 
and bifurcation behaviours of the shell have been outlined with detailed explanations 
of the changes in stress distribution arising from different geometrical and yield 
phenomena.  The example shell geometry was chosen to illustrate interactions 
between bifurcation and plasticity in determining the failure condition.  It has been 
shown that the behaviour is not very imperfection sensitive, at least for this geometry, 
so design rules should not follow the corresponding formulations for uniform axial 
compression too closely. 
 
The different failure behaviours of the same geometry shell under different 
analyses have been explored. In the materially nonlinear analysis, plastic collapse was 
achieved with membrane yield all around the bracket. By contrast geometrically and 
materially nonlinear analysis (GMNA) showed yielding below and beside the bracket, 
but compressive stresses above the bracket causing buckling. The high shear stresses 
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on the side of the bracket did not produce buckling despite attaining the yield stress, 
due to their rapid decay horizontally.   
 
This bracket problem illustrates many challenges in the interpretation of simpler 
computer analyses to design shells (EN1993-1-6, 2006).  It is difficult to find a useful 
method of estimating of the plastic collapse strength when only linear analysis is used, 
the imperfection sensitivity of a system is not easily estimated on the basis of the 
principal stress direction causing buckling, and buckling is not easily predicted by 
taking the stress conditions at any point in the structure as representing a buckling 
failure stress state. 
 
More detailed descriptions of the outcomes of the analyses described above will 
be presented in the following chapters of this thesis. 
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3 Linear Bifurcation Analysis 
3.1 Introduction  
The linear bifurcation analysis (LBA) is a small displacement stability analysis 
that assumes a perfect geometry, linear elastic material behaviour and no change in 
geometry (small displacement theory) before the infinitesimal displacements of the 
secondary path.  
The parameters used to characterise the material of the shell and bracket are 
Young’s modulus E and Poisson’s ratio ν, whilst the cylinder geometry is described 
in terms of its radius r, thickness t and height H, and the bracket by its height h and 
width 2d. Young’s modulus and Poisson’s ratio have been taken in all analyses as 
E = 200 000 MPa and ν = 0.30 respectively. 
The analysis is based on the assumption that a bifurcation point exists where 
primary and secondary load path intersect. Before this intersection point, the stresses 
in the structure change proportionally to the applied load, since the material is 
assumed to be elastic and the geometry does not change. The buckling load is then 
obtained by solving an eigenvalue problem (Chapter 1). An eigenvalue problem is 
solved when for a certain load magnitude the stiffness matrix becomes singular, 
which means deformations can progress without an increase of load. In Mathematical 
term this says that the Eq.3.1 has a nontrivial solution. 
 0Kvλ =  (3.1) 
Where λ=eigenvalue, v=eigenvector and K= stiffness matrix. 
For structures like frames, columns and plates, this kind of analysis gives a good 
approximation for the elastic buckling (bifurcation) load (as discussed in Chapter 1). 
By contrast, for shells it loses its accuracy due to the sensitivity of shells to 
geometric nonlinearities and geometric imperfections, which a linear bifurcation 
analysis of the perfect structure ignores.  
A Linear Bifurcation Analysis (LBA) is an important part of the new Eurocode 
(EN1993-1-6, 2006) framework, but in the past it has usually been disregarded as 
unimportant and not useful in interpreting the real buckling behaviour of shells. 
However the LBA is not only important with regard to the capacity curves of the 
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Eurocode (EN1993-1-6, 2006), it has a key role in itself, as noted by Rotter (2002). It 
is the only analysis which will always give a result for elastic buckling, and in 
general only requires that some compressive stresses are present. Furthermore, very 
few structures buckle at load levels that are as much as one order of magnitude 
different from the LBA state, so this load is always a good first estimate of the 
buckling strength.  The LBA can also help with the interpretation of more 
sophisticated analyses in the sense that one can see how likely a structure is to fail in 
buckling. A closer look will be taken on this matter in the Chapters 5 and 6. 
This chapter explores the behaviour of bracket supported shells under the LBA 
assumptions. A large number of analyses are conducted for shells and brackets of 
different geometries, and an attempt is made to find simple expressions that can be 
used to capture the evaluated strengths. 
Since this analysis does not include any nonlinearity in material or geometry and 
is also very well researched, and since most documented analytical linear bifurcation 
analyses of shells begin with very complicated equations yet result in simple precise 
formulas, it is reasonable to expect that a simple analytical approximation to the 
bifurcation load should be found without difficulty.  But it will be seen that when the 
bracket is not located at the bottom of the silo, the bifurcation load does not follow 
an obvious and simple pattern.  
This chapter begins with general observations, and then describes the 
development of an empirical fit to the calculated bifurcation loads, together with a 
simple physical model to fit the results.  
3.2 Verification 
3.2.1 Convergence study and suitability of the element 
To investigate the suitability of the element three different meshes with different 
elements were used. The first mesh used a 4- node general purpose element (S4R), 
whilst the second mesh consisted of 8- node thin shell elements with reduced 
integration (S8R5).  The third mesh used a combination of elements with the general 
purpose element (S4R) for most of the model, but the thick shell element (S8R) 
around the bracket, as later described in Chapter 4. The calculated bifurcation load 
was about the same (within 1%) for the three investigated meshes. 
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To verify the mesh and the element to be used for the linear bifurcation analysis, 
a convergence study was performed using the third mesh with a mixture of S4R and 
S8R elements. The mesh converged well and was therefore suitable for use in the 











































Figure 3.1: Convergence study 
  
3.3 General observations 
The Linear Bifurcation Analysis showed three modes of buckling. All of the 
bifurcation modes (hereafter simply referred to as buckles) occur above the bracket 
where the shell is in compression: no buckling modes were found corresponding to 
the shear stress field at the side of the bracket.  In the first mode, which will be 
referred to as Mode A, the maximum displacement (amplitude) of the buckle appears 
at a height above the bracket of about 1.57 rt⋅ . In the second Mode B it appears at a 
height above the bracket of about 3.15 rt⋅  (Figure 3.2). In the third Mode C, the 
maximum displacement occurs at a height above the bracket of about 4.90 rt⋅ , but 
the geometry of this bracket cannot be justified in any practical sense.  In Mode A, 
the peak displacement in the buckling mode appears in the first wave above the 
bracket, but this peak moves to the second wave in Mode B (Figure 3.2). When the 
buckling mode is in transition from Mode A to B the first and second waves above 
the bracket naturally have almost the same absolute value of maximum displacement. 
Mode C displays then the maximum displacement in the third wave above the 
bracket.    
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A shear buckle might have been expected to be found beside the bracket for 
some configurations, since a strong shear field develops on either side of the bracket, 
but it did not occur in any of the geometries calculated   The reason is possibly that, 
in brackets of small height, only very small zones develop high shears so the shear 
buckle is restrained by the small size of this zone, whilst in tall brackets, the long 
distance over which shear transfers can occur means that the shear stress is rather 
low, leading to no buckling either.  
Mode A Mode B Mode C 
Figure 3.2: Different eigenmodes at buckling (LBA) (deformation scale factor=70) 
 
The different buckling eigenmodes are illustrated in Figures 3.3 to 3.5. The 
examples chosen for illustration of the buckling modes are all silos with a radius to 
thickness ratio of 600, but with different bracket geometries. For buckling Mode A 
the bracket geometry h/t=120, θo = (d/r)=0.0349 was selected (Figure 3.3), while for 
buckling Mode B h/t=120, θo = (d/r)=0.0698 (Figure 3.4) and for buckling Mode C 
h/t=240, θo = (d/r)=0.0873 (Figure 3.5). The pictures on the left hand side in these 
figures show the deformed shape of the first eigenmode calculated by ABAQUS 
(HKS, 2003). The graphs on the right hand side show the radial displacement of the 






















x rt  
a) Picture of the finite  
element mesh at buckling 
b) Radial displacement on the vertical symmetry line 
through the bracket. X=0=top of the bracket 
























x rt  
a) Picture of the finite  
element mesh at buckling 
b) Radial displacement on the vertical symmetry line 
through the bracket. X=0=top of the bracket 

























x rt  
a) Picture of the finite  
element mesh at buckling 
b) Radial displacement on the vertical symmetry line 
through the bracket. X=0=top of the bracket 
Figure 3.5: LBA eigenmode for r/t=600, h=240, θo = (d/r) = 0.0873 (MODE C) 
 
When the width of the bracket and the radius-to-thickness-ratio are kept constant, 
the shape of the buckle in the horizontal direction stays largely the same as shown in 
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Figure 3.6 for different heights of the bracket. The shape in vertical direction (Figure 
3.6) does not stay exactly the same. Apart from the first half wave of the buckle a 
second wave or indentation can be seen at the height of about 3.5 rt⋅  above the 
bracket. This second wave grows larger when the height of the bracket increases and 
therefore the first wave changes its shape to maintain the compatibility of the 
geometry. The overall shape however stays the same. When the first buckling mode 
(Mode A) occurs and the width of the bracket and the radius to thickness ratio of the 
silo are kept constant, it can be said that the buckle in a Linear Bifurcation Analysis 
has the same shape and appears at the same position for different heights of the 
bracket. The example shown in Figure 3.6 is a silo with the geometry r/t=600, θo = 
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Dimensionless verical coordinate 























Dimensionless horizontal coordinate 



















a) Radial displacement vs. vertical 
coordinate through the middle 
of the bracket 
b) Displacement magnitude at buckling, λd 
above the bracket (0= above centre of the 
bracket 
Figure 3.6 Radial displacements of the eigenmode in vertical and horizontal directions: 
Geometry r/t=600, θo = (d/r)= 0.0349 
 
The position of the maximum displacement in the eigenmode for Mode A and 
Mode B is sometimes slightly higher, but for simplification the values 1.5 and 3 are 
adopted as fixed values in this study. Table 3.1 shows a summary of buckling modes 
found for a silo with a radius to thickness ratio of 600 with varying half-widths and 
heights of the bracket.  
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Λ   
      θo=(d/r) 
h/t 
0.01758 0.0349  0.0524  0.0698  0.0873 
1.22 30 A A A B B 
2.45 60 A A A B B 
4.90 120 A A A B B 
7.35 180 A A B B B 
9.80 240 A A B B C 
12.25 300 A A B B C 
Table 3.1: Buckling modes for r/t=600 
 
For brackets with a half-width θo=(d/r)=0.0175 and θo=(d/r)=0.0349 only Mode 
A occurs for all the bracket heights investigated (Table 3.1). When the half-width of 
the bracket increases to θo=(d/r)=0.0524, a change of buckling mode can be seen for 
tall brackets. Brackets with a half-width of θo=(d/r)=0.0698 display only Mode B. 
The change from Mode B to Mode C occurs then for very wide (θo=(d/r)=0.0873 ) 
and very tall brackets (h/t≥180). In summary the buckling mode changes from A to B 
or B to C mostly with increasing height, but to a lesser extent with increasing width 
of the bracket. Buckling Mode C only appeared for the widest and tallest brackets 
investigated and was considered to be outside of the practical range, though the 
findings here may have some important relevance to buckling above engaged 
columns. Therefore in this study, the buckling Modes A and B were predominantly 
investigated, but the buckling Mode C was taken into account for the prediction of 
buckling in Sections 3.4 and 3.5. 





 θo=(d/r)= 0.0349g 
h/r= width of the buckle / rt width of the buckle / rt Width of the buckle / rt  
0.05 2.83 2.90 2.69 
0.1 2.79 2.85 2.58 
0.2 2.70 2.65 2.59 
0.3 2.65 2.65 2.59 
0.4 2.66 2.65 2.60 
0.5 2.65 2.65 2.64 




 width of the buckle / rt  
h/r= θo=(d/r)=0.0175 θo=(d/r)=0.0349 θo=(d/r)=0.524 θo=(d/r)=0.0698 
0.05 3.28 2.95 2.61 2.65 
0.1 3.28 2.85 2.61 2.65 
0.2 3.01 2.65 2.61 2.78 
0.3 2.89 2.65 2.61 2.59 
0.4 2.89 2.65 2.61 2.53 
0.5 2.77 2.65 2.77  
Table 3.3: Change of the dimensionless width of the buckle (r/t=400) 
 
Tables 3.2 and 3.3 show the dimensionless half width of the buckle, which was 
defined to be the length between the middle of the bracket and the point where the 
radial displacement is zero. The half width of the buckle was made dimensionless by 
dividing it by rt . The parameter rt was chosen to make the width dimensionless, 
as it was expected that the width of the buckle would be a multiplier of the bending 
half wave length, which is a natural reference for short waves of compression 
buckles (Yamaki, 1984). In Table 3.2 a comparison of the half width of the buckle is 
made for different radius to thickness ratios for silos with r/t=200, 400, and 600. The 
height of the bracket is varied in the range 0.05≤h/r≤0.5 and the width of the retained 
at bracket θo=(d/r)=0.0349. In Table 3.3 the radius to thickness ratio was kept at 
r/t=400 and the width of the bracket varied between θo=(d/r)=0.0175 and 
θo=(d/r)=0.698. The arithmetic average of the dimensionless half width of the bracket 
from Tables 3.2 and 3.3 is 2.77. No apparent trend is recognisable. Hence it can be 
said that the shape of the buckle in the horizontal direction is largely independent of 
the height of the bracket, but the width of the buckle seems to be similar for each 
studied width of the bracket, with only a small reduction as the bracket becomes 
taller. 
The fact that the location of the buckle and its general shape stays approximately 
the same is very interesting.  Since the shape of a buckle under local stress conditions 
is much affected by the stress distribution, it could be speculated that the same 
dimensionless axial stress σ/σcl at a given height above the bracket might produce a 
buckle with the same geometry.  
As a result, a closer investigation of the stress patterns at the instant of buckling 
was undertaken done using a Linear Elastic Analysis (LA) to calculate the stresses. 
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The results of these analyses will later reveal the distributions and amplitudes of the 
stresses necessary for linear bifurcation of the shell. The dimensionless axial 
membrane stress resultant ( ){ }x cln / tσ ⋅  from this analysis can be seen in Figure 3.7. 
The maximum vertical stress resultant at the height where the maximum 
displacement amplitude of the buckle appears (λd=1.5 rt⋅  above the bracket) stays 
essentially the same. The example shown in Figure 3.7a is a cylinder with r/t=600, 
θo=(d/r)=0.0349 and varying h/r, but the bell shape and the essential behaviour stays 
the same for all geometries investigated. The maximum dimensionless stress 
resultant in Figure 3.7a is about x,max cln =1.36 tσ⋅ ⋅ . The shape of the dimensionless 
vertical membrane stress resultant maintains the bell shape for all bracket heights 
(h/r). With growing height (h/r) the bell shape widens and the maximum stress 
decreases slightly. This effect is due to the increased shear field at the side of the 
bracket. As the bracket becomes taller more stress is transferred through the side of 
the bracket in shear. This shear-field allows an additional compression field to 
develop above and to the side of the bracket. Figure 3.7b shows the maximum axial 
membrane resultant for a selection of geometries. The values are very close to their 
average value of x,max cln =1.35 tσ⋅ ⋅ . When the bracket becomes very wide, as in the 
example with r/t=400 and θo=(d/r)=0.0698, the maximum membrane stress resultant 
decreases since there is a wider stable stress field to produce a buckle. 






































Horizontal coordinate at the height of 
the buckle λd=1.5          ⋅ rt
Figure 3.7a) Axial membrane stress resultant at λd above the bracket from a linear analysis 
(LA) at the linear bifurcation load, r/t=600, θo=(d/r)=0.0349 
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r/t θo=d/r Dimensionless vertical stress resultant 
200 0.0349 -1.40 
400 0.0175 -1.39 
400 0.0349 -1.39 
400 0.0524 -1.33 
400 0.0698 -1.23 
600 0.0349 -1.36 
FFigure 3.7b) Maximum dimensionless vertical membrane stress  
resultant average for 0.05≤h/r≤0.5 
 
3.4 LBA empirical fit 
 
In this section, an attempt is made to find a simple means of predicting the LBA 
bifurcation strength of a shell with a local bracket at the mid-height. The parameters 
used are Young’s modulus E and Poisson’s ratio ν for the material of the shell, the 
radius r, thickness t and height H of the cylinder, height h and width 2d for the 
bracket geometry. The Young’s modulus and the Poisson’s ratio have been taken in 
all analyses as E = 200 000 MPa and ν = 0.30 to represent mild steel.  
To normalize a dimension of the shell and bracket geometry, or a distance within 
the shell, the linear bending wave length λ was used as the appropriate parameter for 
the shell geometry (Eq. 3.2) 
 








For an easier assimilation of the results, the applied loading and the axial 
stresses are normalized by the classical elastic critical stress σcl for a cylinder under 











3.4.1 Infinitesimally small bracket  
At the beginning of this investigation it was decided to try to reduce the number 
of parameters, so the remaining parameters could be studied without difficulties. 
Therefore the bracket was first reduced to a point support or a bracket with zero 
dimensions. All other parameters were kept as described. The linear bifurcation load 
can then only depend on the elastic properties of the shell and its radius and thickness. 
The graphs in this section show the dimensionless axial support force FLBA/(σcl t2) per 
bracket, which is calculated from the uniform tensile load applied on the bottom edge 
of the shell. 
A convergence study was done to verify the mesh (Figure 3.8). Two different 
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Figure 3.8: Convergence study (r/t=600)  
The 8- node thin shell element (S8R5) converges faster and to a slightly lower 
load than the general purpose elements (S4R). The difference between the 
bifurcation loads of the very fine mesh with S8R5 elements and the mesh chosen 
using the general purpose element S4R (FLBA/FLBA,REF=100%) is about 2%, but the 
increase of computing power needed for the quadratic element could not justify its 
use. The range considered in the case of the bracket with zero dimensions was 200 ≤ 
r/t ≤ 1000, 1 ≤ t ≤ 3.  In all the other analyses performed in this thesis, the 
dimensions were normalised relative to the thickness, for this case of the point 
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support only, different thicknesses were used to demonstrate conclusively that 





























Figure 3.9: Dimensionless bifurcation load vs. r/t (h=d=0) 
 
Figure 3.9 shows the relationship between the dimensionless bifurcation load 
expressed as the vertical reaction force on one bracket at buckling FLBA/(σcl t2) and 
the radius-to-thickness ratio.  
It is clear that the dimensionless bifurcation load is only dependent on the radius 
to thickness ratio of the shell (Figure 3.9). The trendlines suggest very strongly that 
the dimensionless support force at linear elastic bifurcation 2LBA clF tσ follows an 
equation of the form  
 ( )2 bLBA clF t a r tσ =  (3.4) 
Parameter b is very close to 0.5, while the parameter a is close to a constant 
value of about 5, for all the thicknesses chosen. When the parameter b is chosen to be 
0.50 and the parameter a is chosen to take the value of 5.48 according to a best fit 
analysis of parameter a for all thicknesses investigated, the maximum difference 
between the between the empirical solution and the numerical results occurred for 
t=3 and was 0.43%, which is of the same order as the error associated with mesh 
refinement, so cannot be considered to be significant. The empirical solution can 
then be written as 
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Figure 3.10: Difference between numerically calculated buckling loads and buckling loads 
predicted using Eq. 3.5  
 
The differences between the prediction of Equation 3.5 the load on each bracket 
at bifurcation and the finite element calculations are shown in Figure 3.10. The 
maximum over-prediction of the support force at buckling is about 0.43%, while the 
greatest under-prediction is about 0.22%. The root mean square error (RMS error) is 
0.22%. The largest errors appear for the smallest r/t ratio of 200. It is difficult to 
judge where the origin of the difference between prediction and the result of the 
numerical model lies. The errors are very small and not exactly the same mesh was 
used for the different radii of the silo. But there is always the same difference 
between the numerical result and the equation for each r/t ratio, irrespective of the 
shell thickness, despite the differences in the meshes used. These differences may lie 
in the precise formulation of the shell equations used in ABAQUS (HKS, 2003), 
which may differ slightly from the simpler versions, such as the Donnell equations 
(Timoshenko and Gere, 1961) which would almost certainly lead to a simple 
outcome.  
It should be noted that Equation 3.5 has only been verified for r/t ratios in the 
range 200≤r/t≤1000, but there is no reason to suppose that it is not valid for all thin 
shells.  
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3.4.2 Bracket height variation: zero width, varying the 
radius  
Following successful identification of the bifurcation resistance of a point 
support in the middle of a cylindrical shell, the next step was to add one finite 
dimension for the bracket, to explore the effect this has on the bifurcation load. It 
was thought to be a good procedure to develop an understanding of the behaviour by 
introducing one parameter at a time into the calculation. 
The height of the bracket was chosen as non-zero, but the width was still kept as 
zero. The hypothesis was proposed that the bifurcation load would vary in a similar 
manner with shell radius to that found for a point support.  
The width of the bracket was chosen as small as possible within the modelling 
limits when using ABAQUS (HKS, 2003). The width was kept within the range 
0.042 0.069d rt≤ Γ = ≤ . It was assumed that these values would give a very close 
approximation for the condition 0d rtΓ = = . The range of geometries considered 
















































Figure 3.11: Bifurcation loads vs. r/t and h/t 
The results of these linear bifurcation analyses are shown in Figure 3.11. At 
larger r/t ratios the support force at bifurcation varies almost linearly with the 
dimensionless height of the bracket h/t (Figure 3.11a), but at smaller r/t ratios the 
variation is slightly nonlinear and the behaviour is closer to a rational function in the 
form of Eq. 3.6.   
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The bifurcation load was made dimensionless using the classical buckling stress 
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since it was expected that this reference stress will play a part in the bifurcation of a 
bracket supported silo. 
The parameters a1, a2 and a3 in Eq. 3.6 are expected to all be functions of r/t. 
Ideally the height of the bracket would have been made dimensionless by a shell 
length parameter like the linear bending half wave length, but these early analyses 
were done using the dimensional parameter h/t.  
This function seemed to be appropriate because a rational function of this kind 
approaches a plateau at very large h/t and can also be fitted to match the point 
support of the previous section. A polynomial function could have been chosen to fit 
the bifurcation loads, but it has the disadvantage that the values of a polynomial 
function increase to a maximum at large h/t and decrease after the maximum. This 
would have given a poor representation beyond the certain height for the bracket.  
When the values of the bifurcation load are fitted to Eq. 3.6, the parameters a1, 
a2 and a3 are found to vary with r/t as shown in Figures 3.12 and 1.13.  
A best fit for these parameters was obtained by minimizing the sum of the 
squares of all errors between the approximate equation and the numerical result. The 
outcome was then confirmed with an overall best fit using a linear regression 

































a) Variation of the parameter a1 with r/t b) Variation of the parameter a2 with r/t 
























Figure 3.13: Variation of the parameter a3 with r/t 
 
The parameter a3 (Figure 3.13) shows a close approximation to a constant value  
 3 constanta =  (3.7) 
Equation 3.6 can be written with a constant the parameter a3 as  
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When Equation 3.8 is used to perform a new best fit to the numerical solution, 
the maximum discrepancy between the numerically calculated bifurcation load and 
the empirical solution with a constant parameter a3 for all r/t ratios is 0.29%, while 
the RMS is only 0.1%. 
After this best fit analysis, the parameter a1 is almost constant over r/t with a 
maximum discrepancy from its average for any r/t value of only 1.33% (Figure 3.14), 
while parameter a2 follows closely a function of the form 
 ( )0.52 4a a r t=  (3.9) 
and 
 1 constanta =  (3.10) 
The maximum difference between the parameter a2 calculated using Eq. 3.9 and 

















































Figure 3.15: Variation of the parameter a2 with r/t using Eq. 3.8 
 
The equation which governs the whole system can then be described using  
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with a1= 2047, a4= 5140 and a3= 837. This equation was also used as basis for 
the further empirical fit with 0d ≠ . The maximum discrepancy between the 
numerical results and the empirical fit using Eq. 3.11 was 3.98%, while the RMS was 


















Figure 3.16: Errors in Equation 3.11 relative to the ABAQUS (HKS, 2003) result 
 
To match the equation found for the point support (Eq. 3.5) the ratio of the 
parameters a4/a3  in Eq. 3.11 would have to be 5.48, but the ratio found in Eq. 3.11 is 
a4/a3 = 6.14. This difference might have its source in the modelling of bracket. The 
bracket was assumed to have no width, but due to modelling restriction a very small 
width had to be modelled. Therefore it is possible that the 12% difference 
(6.14/5.48=1.12) arises from there, though it seems a large difference for such a 
small modelling error. A further discussion about this difference can be found in 
Section 3.4.4. 
3.4.3 Empirical fit to the bifurcation load for the cylinder 
with a bracket of finite dimensions 
The true purpose target of this work was to explore the bifurcation loads of 
bracket supported cylinders with brackets of finite height and width. As above, the 
height of the bracket h and its half width d were made dimensionless using the 
characteristic length rt . In what follows, the new dimensionless parameters 
h rtΛ =  and d rtΓ =  will be used to define the bracket geometry to make the 
description less complicated. 
The aim was to derive a good empirical fit from a moderately large set of 
bifurcation loads (150 geometries) relating to practical geometries, and to verify this 
fit independently with another set of calculated bifurcation loads (a second set of 160 
different geometries).  
The following set of bifurcation loads calculated in ABAQUS (HKS, 2003) was 
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used to derive the empirical fit: the range consisted of geometries from 200≤r/t≤1000, 
1 7h rt≤ Λ = ≤ , 0.25 1.25d rt≤ Γ = ≤ . This set contained 150 different 
geometries.  
The heuristic procedure used to find a suitable fit to the numerically calculated 
bifurcation loads had the following structure: 
1. Choose an appropriate function for each variable (in this case Λ, Γ and r/t);  
2. Choose a function F1 for fitting the data to one of the variables (in this case 
Λ); 
3. Fit the parameters of F1 to the data using the least squares of the error to the 
numerically calculated bifurcation loads; 
4. Plot the parameters against another variable (in this case Γ); 
5. Choose an appropriate function F2 for one of the parameters found in F1;  
6. Implement this function F2 into F1 and fit the new parameters using the least 
squares of the error to the numerically calculated bifurcation loads; 
7. Plot the parameters again. They will be slightly different now since F2 was 
chosen for one the parameters;  
8. Choose an appropriate function F3 for one of the other parameters; 
9. Implement F3 into F1 and fit it again to the least squares of the error;  
10. Plot the parameters and repeat the procedure until a function for each 
parameter has been chosen, implemented and fitted;  
11. Then compare the function derived with the original function chosen in Step 
1. If they are in agreement go to next step, otherwise start the procedure again; 
12. Plot the all the parameters found against the next variable (in this case r/t); 
13. Repeat the entire procedure. 
For the first step from the procedure discussed above it is important to find a 
suitable approximation for each of the variables. Therefore the bifurcation loads 
calculated by ABAQUS (HKS, 2003) will be shown first in their raw format to give 
an indication of the variation of the bifurcation loads with different variables. The 
variation of the bifurcation load with the radius to thickness ratio is shown in Figures 
3.17 and 3.18. The shortest and the longest brackets (Figure 3.17) have been chosen, 
followed by the narrowest and widest bracket (Figure 3.18). The aim was to give a 
good general overview of the behaviour. The dimensionless bifurcation load 
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increases in a nonlinear manner when the radius to thickness ratio is increased. It is 
not easy to determine what kind of function would fit the relationship between the 
dimensionless support force per bracket at bifurcation FLBA/(σclt2) and the r/t ratio. 
Either a rational function of the form  
 2 ( ) ( )
LBA
cl
F r t a b r t c
tσ
= + ⋅ +  (3.12) 




F r t b
tσ
= +  (3.13) 
might seem appropriate, in which the parameters a, b and c are functions of Λ 
and Γ. The equations developed for the point support (Eq. 3.5) and the zero-width 
support (Eq. 3.11) do not give a coherent picture of the influence of radius to 
















































Λ =1 Λ =7 
Figure 3.17: Dimensionless bifurcation load (shown as support force on one bracket)  





































1 2 5 6 7Λ=
Γ =0.25 Γ =1.25 
Figure 3.18: Dimensionless bifurcation load (shown as support force on one bracket)  
for Γ =0.25 and 1.25  
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The second study explored the variation of the dimensionless bifurcation load 
with the dimensionless width of the bracket (Figures 3.19 and 3.20). Again the two 
extremes were examined. Figure 3.19 shows the results for the thickest and the 
thinnest silos and Figure 3.20 shows the shortest and the tallest brackets. The 
dimensionless bifurcation load increases nonlinearly with the dimensionless width of 
the bracket Г. The variation of the dimensionless bifurcation load with the 
dimensionless width of the bracket can be closely represented by a polynomial 
function or else a rational function of the form shown in Equation 3.14, in which a, b 
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1 2 5 6 7Λ=
r/t=200 r/t=1000 
Figure 3.19: Dimensionless bifurcation load (shown as support force on one bracket)  











































Λ =1 Λ=7 
Figure 3.20: Dimensionless bifurcation load (shown as support force on one bracket)  
for Λ =1 and 7 
 
The third short study examined the variation of the bifurcation load with the 
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dimensionless height of the bracket h rtΛ =  (Figures 3.21 and 3.22). The 
bifurcation load increases with the height of the bracket, because a substantial 
amount of the applied load is transferred directly as tension into the bottom of the 
bracket, and as shear into the side of the bracket. As the height of the bracket 
increase more of the applied load is transferred as shear into the side of the bracket, 
reducing therefore the percentage of load which is transferred as compression into 
the top of the bracket to cause bifurcation. 
The bifurcation load increases almost linearly for the thickest silo with r/t=200 
(Figure 3.21a), but for the thinnest silo with r/t=1000 (Figure 3.21b) the behaviour 
becomes increasingly nonlinear. This effect was also seen in the bifurcation loads 










































a) r/t=200 b) r/t=1000 
Figure 3.21: Dimensionless bifurcation load (shown as support force on one bracket)  









































Γ =0.25 Γ =1.25 
Figure 3.22: Dimensionless bifurcation load (shown as support force on one bracket)  
for Γ=0.25 and 1.25 
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Since the bifurcation load also increases nonlinearly for the narrowest and 
widest bracket (Figure 3.22) and to retain compatibility with the empirical equation 
previously found for the bracket of zero width, the function chosen to fit the 
bifurcation loads was chosen to depend on the dimensionless height of the bracket Λ 
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When Equation 3.15 was fitted to the numerically calculated bifurcation loads, 
the maximum error was ±0.4%. The parameters a, b and c are each expected to be 
functions the variables Γ and r/t. 
After fitting the calculated bifurcation loads using Equation 3.15, a set of values 































































Figure 3.23: Trend of the parameters from Eq. 3.15 
 
These best fit values of the parameters a, b and c are shown in Figure 3.23 
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plotted against the dimensionless width of the bracket d rtΓ = . It can be seen that 
for r/t=300 to 1000 the variation of all parameters is reasonably linear. For the 
thickest silo with r/t=200 the parameters differ greatly from the other r/t ratios and 
also display a rather nonlinear variation. A decision was therefore made to ignore the 
nonlinearity of these parameters and to take the general form of the parameter 
variations for the remaining r/t ratios. When the parameter a was examined more 
carefully, it was found to take unchanging values when r/t is large (r/t > 600). If the 
variation of the parameter a with the dimensionless width of the bracket is indeed 
linear, this would match the general behaviour described by Equation 3.14. In the 
first step, the parameter a was treated as varying linearly with d rtΓ = . This was 
done to observe the effect on the other two parameters b and c. The effect can be 










When Equation 3.16 was used to obtain the best fit, the maximum error was 
±0.24% and the parameter c shows now a clearly linear behaviour (Figure 3.24). 

































































Figure 3.24: Parameter variations in Equation 3.15. Parameter a1 assumed to be linear in Γ 
 
The parameter a is almost identical for all r/t, especially for large r/t (Figure 
3.24), which indicates that parameter a is independent of r/t. And therefore also a1 
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where b is still dependent on r/t and d rtΓ = , c1 and c2 are only dependent 
now on r/t and a1 and a2 are constants. 
When the results from Equation 3.17 were compared the bifurcation load 
calculated by ABAQUS (HKS, 2003) using a least squares procedure, the maximum 
error was ±0.29%.  
Parameter b in Figure 3.24 does not show the clear linear behaviour seen for 
parameter a and c, but apart from the smallest width d rtΓ = =0.25 it does follow 
a linear path.  
Therefore it was also decided to adopt the assumption of a linear variation with 
d rtΓ = . When a, b and c are taken to vary linearly with d rtΓ = , and a1 and 
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Figure 3.25: Trend of the parameters from Equation 3.15. Parameter a3, b3 and c3 assumed 
to be linear 
The only unknown parameters are now b1, b2, c1 and c2 (Equation 3.18) and they 
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Figure 3.26: Parameters b11, b12, c1 and c2 vs. r/t 
 
For these parameters there are no linear relationships that can be found and it is 
unclear what kind of equation would fit the behaviour well. The only simple 
variation is for parameter c2 (Figure 3.26b), which seems to take the form  
 2 3c c r t=  (3.19) 
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The approximation to the numerically calculated bifurcation loads can then be 
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 (3.20) 
When this equation is implemented the maximum error was then ±1.16%. 
The variation of the remaining parameters is shown Figure 3.27. The parameters 
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Figure 3.27: Parameters b1, b1, c1 and c2 vs. r/t 
 
The parameter (–c1) displays a close approximation to (Figure 3.27) 
 ( )1 4c c r t− =  (3.21) 
but the parameters b1 and b2 still vary in the same nonlinear manner as seen in 
Figure 3.27.  










ct b b c r t
r t
σ
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 (3.22) 
the maximum error after fitting to the least square of the error is ±1.3%. The two 
remaining unknown parameters are only b1 and b2, which display the following 
behaviour after being fitted to Equation 3.22 (Figure 3.28). It is still not easy to 
choose a good function to capture the variation. It was decided that b1 could be a 
constant, even though a linear function might seem more precise, because a linear 
function of b1 does not result in any better fit and does not change the overall 
behaviour of b2. Therefore b1 was treated as constant for the benefit of eliminating 
 105
another parameter in the final equation. The parameter b2 was represented by  
 3 42
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Figure 3.28: Parameters b1, b2 vs. r/t  
 
The final empirical equation to represent the linear bifurcation load of bracket 
supported cylinders took the form  
 ( )1 22
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 (3.24) 
or rewritten 
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3.4.4 Verification of the empirical fit to represent linear 
bifurcation loads 
The above search for an appropriate functional form to represent linear 
bifurcation loads used only a limited range of parameter variations. Having found a 
functional form that seemed appropriate, the full set of about 300 LBA calculations 
[using the ranges 200≤r/t≤1000, 0.7 15.8h rt≤ ≤ , 0.12 2.52d rt≤ ≤ ] was used 
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to verify the empirical fit (Equation 3.24) and to obtain optimized values for all 
parameters. 
If the values for the parameters k1 to k8 from Equation 3.24 were used to 
approximate the bifurcation load using the full set of data, the maximum error was 
±3.5%. But improved values for the parameters were found reducing the maximum 
error to ±1.96% 
The error plot for the improved values seen in Figure 3.29 seems to be 
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Figure 3.29: Errors in the empirical fit of Equation 3.24 using improved values 
 
Another confirmation of the suitability of Eq. 3.24 is that when d rt =0 and 
h rt =0 Equation 3.24 reduces to Equation 3.26, which has the same form as was 







=  (3.26) 
Even though the form of this equation is the same, when the bifurcation loads 
calculated by ABAQUS (HKS, 2003) and therefore the empirical fit for the point 
support (Eq. 3.5) are compared to the result obtained from Eq. 3.26, Eq. 3.26 over-
predicts all of the results by a constant error of 12%. The same over-prediction for 
the bracket of zero dimensions was seen in the empirical fit a bracket with zero width 
and finite height in Section 3.4.2 (Eq. 3.11). Then it was suggested that this error 
might have occurred because the width of the bracket was small but not zero, due to 
modelling difficulties. However, in this case, even though the correct width was used 
to predict the bifurcation, the same error as for brackets with zero dimensions 
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appears.  
This may be due to a numerical error when supporting the whole silo on just four 
nodes (one for each bracket). This could introduce an error in the bifurcation mode 
for a point support. But since the bracket with zero dimensions is a purely theoretical 
case and the empirical fit achieves very good results for very short and very narrow 
brackets, the functional form of this fit is still very appropriate. 
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 (3.27) 
When the dimensionless width of the bracket is taken as zero Equation 3.24 is 
reduced to Equation 3.27. This equation has almost the same form as the equation 
found in section 3.4.2 and when compared to the ABAQUS (HKS, 2003) results the 
maximum is 3.25% over-prediction and 3% under-prediction of the bifurcation load 
calculated by ABAQUS (HKS, 2003), whereas the RMS is only 1.19%.Therefore 
this empirical fit is considered to be a very good approximation for a very wide range 
of silo and bracket geometries and can be used for the prediction of linear bifurcation 
loads of these structures.  
3.5 A simple physical model to represent the linear 
bifurcation load 
3.5.1 Introduction 
This section sets out to derive a simple physical representational model for the 
linear bifurcation. The empirical fit found in the previous section is good, but does 
not give an insight into the buckling condition. A well-planned physical model, 
chosen to relate the buckling condition to the location of the buckle, the stress pattern 
around the bracket and the local stress required to cause a buckle can provide a good 
insight. This chapter will first discuss the theoretical case of a bracket with zero 





3.5.2 Mechanical model for silos with brackets of the 
geometry d=h=0 
A simple mechanical model was derived to obtain an alternative method of 
representing the linear bifurcation load.  
A classical conceptual model for linear bifurcation might suggest that the load 
applied can be converted to a uniformly distributed load which is equal to the 
classical buckling stress multiplied by the thickness of the shell applied over a line of 
a certain length at a certain distance above the bracket.   
The assumption that the whole of the load applied to the bracket will produce a 
buckle is correct when the bracket is positioned at the bottom edge of the shell. 
However, here the bracket is positioned at mid-height. Due to this positioning some 
of the applied load will be transmitted as tension into the bottom of the bracket, some 
as shear into the side of the bracket and finally some as compression into the top of 
the bracket. Since the height of the bracket and its width is zero for the case of a 
point support, the applied load will simply be divided as tension on the bottom of the 
bracket and compression on the top. In this case it can be assumed due to symmetry 
that the applied load will be transmitted equally to top and bottom of the bracket. 
When half of the applied load at bifurcation is transmitted as compression above 
the bracket to cause the buckle, half of the support force causes compression, so this 
part of the force which is associated with the buckle may be written as 
Fc,LBA=0.5FLBA.  It is supposed that Fc,LBA produces a uniformly distributed stress 
equal to the classical elastic critical stress σcl at some height a rt⋅  above the 
bracket, with this assumed uniform stress acting on a length Δ (see Figure 3.30), and 
it is assumed that this condition causes a buckle to form, then the only unknowns in 
this system are the length Δ over which the classical buckling stress is sustained and 
the distance of this location above the bracket a rt . Some distance is necessary to 
ensure that a large enough compression field is present for a full buckle to form.  
The distance was made dimensionless by dividing it by rt . The length rt  
was chosen because it is a characteristic length for shell buckling and it was shown in 
Section 3.3 that the buckles in the case of a bracket supported shell appear in distinct 
and well defined locations, which are also defined in terms of rt . The range of 
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parameters chosen for this study was 200 ≤ r/t ≤ 1000 and 1 ≤ t ≤ 3. 
 
Figure 3.30: A simple physical model for bifurcation 
 
Then  
 ,c LBA clF tσ= ⋅ ⋅Δ  (3.28) 
and  
 , 2 tanc LBA clF t a rtσ ϕ⋅ = Δ = ⋅ ⋅ ⋅  (3.29) 
Using Eq. 3.29 on the linear bifurcation forces for a bracket of zero dimensions 
(point support) it was found that  
 2 tan 2.74a constϕ⋅ ⋅ = =  (3.30) 
Therefore 
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 4 tan 5.48LBA cl clF a rt t rt tϕ σ σ= ⋅ ⋅ ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅  (3.34) 
These equations correspond very well with the empirical model discussed before 








fit. The maximum error found is 0.43% and the RMS was 0.22%.  Since the finite 
element calculations on which this model is based are only accurate to within a 

























Figure 3.31: Error of the equation for a bracket with zero dimensions 
 
3.5.3 A simple physical model for cylinders with brackets of 
finite dimensions 
The challenge to find a physical model for a bracket with finite dimensions at 
mid-height of the cylinder is not an easy task. Two questions had to be answered. 
The first one must address the size and magnitude of the compressive stress field and 
the conditions required to induce a buckle. This stress field is largely controlled by 
the force transmitted through the top of the bracket, so this question must be 
answered on the basis that this is already known.  In this context, one must ask what 
physical model could be chosen to represent these effects well?   
The second question which needs to be addressed is how much compression is 
transmitted through the top of the bracket, and how does this vary with the bracket 
geometry?  Does the shear field which develops on the side of the bracket influence 
the buckling condition? 
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3.5.3.1 The physical model: criterion at buckling  
The first question concerns the form of the stress field and the conditions under 
which a buckle might form above the bracket.  This was addressed as follows. 
It was shown in the observations in the beginning of this chapter (Figure 3.6a) 
that the maximum displacement in the buckle always remains at about the same 
height above the bracket relative to rt , independent of the dimensions of the 
bracket.  Moreover, it has the same shape in horizontal direction largely independent 
of the height and width of the bracket with an average width of the buckle of 
5.35 rt (Tables 3.2 and 3.3). The maximum dimensionless axial stress σ/σcl at this 
height is very similar for all bracket geometries (Figure 3.7a and b). The shape of the 
stress field varies slightly with the height and the width of the bracket, but always 
retains the same bell shape. The maximum axial stress decreases slightly for very tall 
bracket and the bell shape widens (Figure 3.7a and b). This is due to the shear field 
on the side of the bracket, which allows the axial stress to distribute more uniformly 
and therefore reduces the maximum dimensionless stress needed. The maximum 
dimensionless axial stress also decreases for wide brackets due to more uniformly 
distributed larger compression field at the position of the maximum displacement of 
the buckle. 
 
Figure 3.32: Simple model for a bracket with finite dimensions 
2d 










It was therefore evident that nearly the same dimensionless stress at the same 
dimensionless height above the bracket was required for buckling, irrespective of the 
bracket size and silo geometry. However, it must be noted that the force emerging 
from the top of the bracket was different for each geometry. The reason is that the 
applied load on the bracket is transmitted into the shell as tension through the bottom 
of the bracket, as shear through the side of the bracket and as compression through 
the top of the bracket. The percentage of the applied load which is transmitted as 
compression through the top of the bracket and shear transmitted through the side of 
the bracket is different for each geometry. This is very different from the situation of 
a support beneath the bottom of a silo, where all of the applied load is transmitted 
through a well-defined short length of shell as compression.   
Therefore a physical model (Figure 3.32) was chosen in which the compressive 
force Fc transmitted through the top of the bracket at bifurcation was interpreted as a 
uniform stress at a certain height above the bracket.  This force Fc is the integral of 
the axial stress resultant on the top surface of the bracket integrated over the width of 
the bracket, and here it was set equal to an assumed uniformly distributed stress at 
the height chosen in terms of the identified location of the buckles, extending over a 
horizontal length Δ (Figure 3.32) and multiplied by the silo thickness. The uniformly 
distributed stress was assumed to be equal to the classical elastic buckling stress 
under uniform compression σcl, since this stress does appear to be closely correlated 
with buckling events provided a moderate zone of shell is compressed.  The chosen 
height above the bracket was taken from the observations corresponding to Mode A 
as 1.5d rtλ = . 
 c clF tσ= ⋅ ⋅Δ  (3.35) 
 ( )2 tan tanc cl dF t h dσ ϕ λ ϕ δ= ⋅ ⋅ ⋅ ⋅ + ⋅ ⋅ +  (3.36) 
The length Δ was taken as unknown, but it is certain that the width 2d of the 
bracket must play a role in the length Δ.  Here it was assumed that the stress field 
could be simply assumed to spread out linearly from the top surface of the bracket, 
spreading at each side at an angle φ (Figure 3.32).  This choice makes it possible to 
calculate the total length simply using trigonometry. The angle φ is used not only to 
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account for the spread of the axial stress from the top of the bracket between the top 
and the chosen height, but also to account for differences in the axial stress pattern 
arising from different widths of bracket and different stresses arising from shear 
transmission on the bracket side (Figure 3.32 and Equation 3.36). 
The compressive force transmitted through the top of the bracket and the height 
at which the maximum displacement occurs in the buckling mode are the dominant 
factors in this case.  But the shear field that develops beside the bracket must be 
recognised too since a strong shear field will allow the compressive stresses above 
the bracket to have a more uniform distribution which will lead to a less localised 
stress peak and consequently earlier buckling.  
The shear field was taken into account by introducing another variable δ. The 
spread of the stress field was deemed to be delayed if a strong shear force was being 
transmitted through the side of the bracket. This was represented by raising the origin 
of the spreading stress field by the distance δh (Figure 3.32) since it was assumed 
that the influence of the shear field was best expressed in terms of a percentage of the 
height of the bracket. Thus it was tacitly assumed that, as the bracket height was 
increased, the shear field next to the bracket would become more pronounced. With a 
more pronounced shear field the compression at the height of the maximum 
displacement in the buckle mode would become more uniformly distributed and 
therefore the force required for buckling (which is here set equal to the product of the 
classical buckling stress, the shell thickness and the length Δ) would decrease.  
There were thus two free variables φ and δ within this model which could be 
adjusted to try to fit the results of precise finite element calculations.  In addition, the 
value of the compressive force transmitted through the top of the bracket was needed 
as a proportion of the total force acting on the bracket. The compressive force Fc was 
determined by extracting the axial stress resultants at the point of buckling on the top 
of the bracket from a linear elastic analysis (LA) and integrating them over the width 
of the bracket. The axial stress resultants were extracted for 54 different geometries 
covering the range of geometries 200≤r/t≤1000, 0.05≤h/r≤0.5, θo=(d/r)=0.0349, and 
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Figure 3.33: Distribution of the axial stress resultant at the top of the bracket (r/t=200, 
h/r=0.2) 
 
An example of the axial stress resultant distribution just above the bracket for 
three different geometries is shown in Figure 3.33.  Half the bracket is shown only 
since symmetry determines that the other side will be identical. The axial stress is 
seen to be almost constant over the middle part of the bracket (from x=0 to x=d/2), 
but this stress increases strongly towards a peak at the corner of the bracket. The 
narrowest bracket displays a wide peak at the corner, but this becomes narrower as 
the bracket width is increased. 
The stress resultants were integrated over the width of the bracket using 
 ( ), 1 , 1
2 2
i n










= ⋅ −∑  (3.37) 
where n is number of nodes on the top boundary of the bracket, nx,i is axial stress 
resultant at node i and xi is the distance from the middle of the bracket to node i. 
Best fit values for the variables φ and δ were then calculated using Equation 3.36 
and least squares regression analysis. The result was found to give φ=32° and 
δ=0.056. Despite the simplicity of this model, with only fixed values for both φ and 
δ, the maximum differences between the values extracted from the finite element 
numerical calculation and the model are ±10%, but the RMS error is only 4.12% 
(Figure 3.34). 
 
The maximum over-prediction was found to occur for very narrow brackets, 
whereas the maximum under-prediction was found for wide but very short brackets. 
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The reason for these differences lies in the simplicity of the chosen model, with some 
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Figure 3.34: Error of the equation 
 
When the membrane stress resultants around the bracket were extracted, they 
could not be extracted exactly at the edge of the bracket since the bracket and silo 
were connected there using a multiple point constraint in ABAQUS (HKS, 2003).  
This causes inaccurate values of stress at this point.  Consequently it was decided to 
extract the stress resultants at the nodes that were one element above the bracket (at 
the grey line Figure 3.35). The maximum height of the first element was 1.36% of 
the height of the bracket for the shortest bracket, but decreasing for taller brackets to 
0.12% of the bracket height. This introduced a small error that was related to the 
bracket height. 
The over-prediction for very narrow brackets was caused by the integration of 
the stress resultants (Eq. 3.37). The stress resultants are the only available output at 
the nodes of the mesh and no values between nodes could be obtained. For a very 
narrow bracket, the axial stress resultant starts to increase steeply at about 75% of the 
bracket half-width, rising towards the stress peak at the corner of the bracket (Figure 
3.33). At the corner of the bracket the peak is very wide because the element width is 
significant and the stresses are obtained one element above the boundary. Due to this 
“wide” peak and the integration method chosen the integration failed to capture the 
complete peak and since the stress resultants are largest at buckling for very narrow 
brackets, this naturally led to a small under-estimation of the compressive force and 
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therefore an over-prediction in Equation 3.36 for very narrow brackets (Figure 3.34).  
For very wide and short brackets the model under-predicts the force. The source 
of this error is a combination of the simplicity of the model chosen and the 
restrictions in extracting the compressive force from the numerical output.  
The above development used a simple physical model and there is clearly scope 
for improvement. The model could be improved by choosing a stress distribution that 
is closer to the real stress distribution as shown in Figure 3.32 and a better criterion 
than the uniformly distributed classical elastic buckling stress. Another improvement 
would be to choose a nonlinear function for the spread of the load, instead of the 
linear function chosen in this model. Although there are some small errors introduced 
here, it is reasonable to decide that these errors are relatively small and that this 
model is suitable for further development. 
 
Figure 3.35: Sketch of the  mesh close to the bracket 
3.5.3.2 The physical model: proportion transmitted through 
the bracket top  
The second part of this model development required the force transmitted 
through the top of the bracket to be expressed as a proportion of the total force on the 
bracket.  Expressing the compressive force transmitted through the top of the bracket 
as Fc and the total load on the bracket at bifurcation as FLBA, this proportion was 
expressed as the new variable ζ  
 c LBAF Fζ =  (3.38) 
Equation 3.36 was then transformed to 
 ( )2 tan tanLBA cl dF t h dζ σ ϕ λ ϕ δ⋅ = ⋅ ⋅ ⋅ ⋅ + ⋅ ⋅ +  (3.39) 
The next challenge was to find a suitable approximation for ζ as a function of the 
geometric parameters of the system. Chang and Conway (1969) found an analytical 
solution for the stress distribution in an infinite flat plate with an elastic inclusion. 
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This problem is similar to the bracket supported shell studied, but the analytical 
solution for the plate is quite involved, and its extension to the case of a curved shell 
was deemed to be outside the scope of this thesis. An empirical approximation was 
therefore developed. 
3.5.3.3 Empirical approximation for the parameter  ζ 
The compressive force Fc and therefore ζ (Equation 3.38) was extracted for 54 
different geometries, but due to procedural problems it was not possible to extract the 
compressive forces for all the geometries studied. Therefore a more unconventional 
path was taken.  
The variable ζ was calculated using Equation 3.39 and the numerically 
calculated bifurcation load to fit the physical model found. An empirical fit was 
found to approximate the variable ζ and the approximation was then compared with 
new samples of the compressive force extracted from ABAQUS (HKS, 2003). For 
this comparison, extreme geometries like shortest and longest, narrowest and widest 
bracket were chosen. 
The first step to find a suitable approximation for the variable ζ obtained from 
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a) Γ=0.25 b) r/t=1000 
Figure 3.36: Variation of the compression at the top of the bracket with Λ 
 
The first short investigation examined the variation of ζ with the dimensionless 
height of the bracket. In Figure 3.36 the value of ζ is seen to decrease in a nonlinear 
manner since more of the load is transmitted in shear on the sides of the bracket 
when the bracket is tall.  Therefore the compressive force transmitted through the top 
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of the bracket is decreases. A rational function was chosen to approximate this 
variation of ζ  
(Equation 3.40), where the parameters a1, a2 and a3 are functions of r/t and Γ  








Other functions such as a polynomial and exponential function were also 
considered. The polynomial function was not chosen because it leads to a minimum 
followed by an increase for larger h rtΛ = . The exponential function might have 
provided as good a fit as the rational function, but Equation 3.40 is simpler. 
The second short study investigated the variation of ζ with the dimensionless 
half- width of the bracket (Figure 3.37). The percentage of the applied load 
transmitted as compression through the top of the bracket naturally increases as the 
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a) Λ=7 b) r/t=200 
Figure 3.37: Variation of the compression at the top of the bracket with Γ 
 
Different forms of function were found to provide a moderately good fit for the 
variation of ζ with d rtΓ = : polynomial, exponential and rational functions were 
used. The polynomial function was discarded due to the appearance of a maximum 
value of ζ for a large Γ followed by a decrease of ζ, which was considered 
unsatisfactory and not representative of the real behaviour.  
The exponential function does not reach a maximum, but the best fits to the data 
indicated that the asymptotic value could be greater than unity. This would means 
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that the compressive force could be greater than the applied load for a very wide 
bracket, which is clearly unsatisfactory.  
For the variation of ζ with d rtΓ =  a rational function Equation 3.41 was 
chosen as the most suitable fit, where the parameters b1, b2 and b3 are functions of r/t 








The third investigation explored the variation of ζ with radius to thickness ratio 
r/t of the silo (Figure 3.38). The percentage of the applied load which is transmitted 
by compression through the top of the bracket increases in a nonlinear manner with 
r/t for a given h rtΛ =  or d rtΓ = . The function chosen to represent this 
pattern was again chosen to be a rational function (Equation 3.42), for the same 
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a) Λ=7 b) Γ=1.25 
 Figure 3.38: Variation of the proportion of force transmitted through the top of the 









When Equation 3.42 was applied for every set of h rtΛ =  or d rtΓ =  and 
the parameters were fitted using least squares error minimisation, the maximum error 
was found to be only 0.25%.  This excellent fit indicates that the form of Equation 
3.42 is appropriate to the overall variation with r/t, but naturally the different 
parameters c1, c2, and c3 all vary with both Λ and Γ.  These parameters are 
individually studied next. 
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Parameter c3 obtained from this fit seems to be effectively independent of the 
geometry of the bracket (Figure 3.39c). The parameter c1 (Figure 3.39a) increases 










The parameter c2 (Figure 3.39b) is not so easy to determine, but it was chosen to 
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c) c3 extracted from Equation 3.42 
Figure 3.39: Variation of the parameters c1, c2 and c3 
 
Equation 3.42 has now the complete form 
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⋅ +⎜ ⎟⎜ ⎟Γ + Γ +⎝ ⎠=
+
 (3.45) 
The maximum error after obtaining the best fit using least squares error 
minimisation is ±0.67% and the RMS error 0.3%. Furthermore it was found that 
1,3 2,3c c≅ . This was implemented into Equation 3.45. By using least squares error 
minimisation, best fits for the parameters c1,1, c1,2, c2,1 and c2,2 were again found.  The 
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The maximum error was ±0.94% and the RMS 0.42%. 
The parameters c1,1, c1,2, c1,3, c2,1 and c2,2 are now only dependent on h rtΛ = . 
y = -0.0155x + 0.3518
R2 = 0.9948
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Figure 3.40: Variation of the parameters c1,1 and c2,1 with the dimensionless height of the 
bracket 
 
When the parameters c1,1 and c1,2 are plotted against h rtΛ =  (Figure 3.40), a 
linear function is obtained for each of these parameters and the approximation then 
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where k1, k2, k3, k4 and c3 are constants and parameters c2,1, c2,2 and c1,3 are 
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dependent only on h rtΛ = . When the best fit was obtained for Equation 3.47 the 
maximum error was ±0.96% and the RMS error was 0.46%. 
The parameter c2,2 after fitting Equation 3.47 by least squares error minimisation 
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where ki with i=1-6 and c3 are constants and only c1,2 and c1,3 depend on 
h rtΛ = . 
The maximum error in Equation 3.48 after obtaining the best fit was ±1.01% and 
the RMS was 0.46%. 
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Figure 3.41: Variation of parameter c2,2 with the dimensionless height of the bracket 
 
The remaining two parameters c2,1 and c1,3 obtained after the best fit do show a 
rather nonlinear behaviour and no satisfying fit could be obtained using different 
nonlinear functions to approximate these parameters. When both of these parameters 
were fitted with linear functions the maximum error was ±2.14% and the RMS error 
was 0.96%.  This fit was judged to be good enough for the purposes of 
approximating the bifurcation load. 
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Figure 3.42: Variation of parameter c2,1 with the dimensionless height of the bracket 
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Figure 3.43: Variation of parameter c1,3 with the dimensionless height of the bracket 
 
The complete approximation for the percentage of compression transmitted 
through the top of the bracket is finally  
 
( )( ) ( )
( ) ( )( )
1 2 3 4 7 8 5 6
11 9 10
k k k k k k k k
k k k
ζ
Λ + Γ + Λ + ⋅Ξ + Λ + Γ + Λ +
=
Ξ + Γ + Λ +
 (3.49) 
where h rtΛ = , d rtΓ =  and r tΞ = . The maximum error of this rather 
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Figure 3.44: Error of Equation 3.49 to calculated results 
 
Equation 3.49 can also be transformed in the form 
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Λ + Γ + Λ + ⋅Ξ + Λ + Γ + Λ +
=
Ξ + Γ + Λ +
 (3.50) 
This transformation was chosen to achieve a single value of ζ for brackets with 
zero dimensions, which was necessary to stay in accordance with the physical model 
found for an infinitesimally small bracket, which was a natural clear reference case. 
For the transformed equation the maximum error was 2.66%, but the RMS error was 
only 0.87%. 
3.5.3.4 Comparison between the empirical equation developed 
and the values extracted from the numerical analysis 
The empirical equation developed above is rather complicated, but this arose 
because the behaviour that the analysis was trying to capture is rather complicated.  It 
is unfortunate that a simpler formulation was not easily obtained, but it seems 
unlikely that simple functions will be found if formal algebraic analyses are 
undertaken. Equation 3.50 was developed to capture the values of ζ that would 
permit the physical model of Figure 3.32 to represent the buckling condition.  
To verify that this procedure to use ζ taken from the mechanical model of Figure 
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3.32 for the approximation, a new set of numerical results with different geometries 
was devised and tested against the above development. The comparison is shown in 
Figure 3.45. The maximum error between the above empirical fit and the newly 
calculated values for geometries not included in the development of the empirical fit 
was ±8.7% and the RMS error was 5.3%.  These errors are quite large, but acceptable, 
as ζ is susceptible to two sources of the error, which cannot be separated. One source 
of error is the lack of accuracy, when ζ obtained form ABAQUS (HKS, 2003) as 
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Figure 3.45: Comparison of the percentages calculated and the percentages extracted from 
ABAQUS (HKS, 2003).  
 
3.5.3.5 Independent verification of the approximation with 
additional results 
The approximation for ζ expressed by Equation 3.50 was developed from about 
150 geometries covering the ranges of 200 ≤ r/t ≤ 1000, 1 7h rt≤ Λ = ≤  and 
0.25 1.25d rt≤ Γ = ≤ . 
To verify this empirical fit further, the linear bifurcation loads were then 
calculated for 150 geometries that were all different from those used to develop the 
expression. The range of geometries used for this independent verification was 
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200 ≤ r/t ≤ 1000, 0 15.8h rt≤ Λ = ≤ , 0 2.52d rt≤ Γ = ≤ . 
When the empirically fitted value of ζ and the mechanical model (Eq. 3.35 and 
3.36) was used to calculate the bifurcation load for the new set of geometries and the 
empirically calculated bifurcation loads showed a maximum difference to the 
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Figure 3.46: Error plot of the Bifurcation load derived fro m the mechanical model and the 
bifurcation load calculated in ABAQUS (HKS, 2003) 
 
In section 3.5.2, an infinitesimally small bracket was studied.  It was assumed 
that  50% of the applied load is transmitted as compression through the top of the 
support.  This assumption was based on symmetry considerations. But when 
Equation 3.50 is applied to an infinitesimally small bracket, the equation reduces to 
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where 0 0.33ζ ≅ .  Thus, Equation 3.50 suggests that an infinitesimally small 
bracket should transmit just one third of the force in compression, whilst the original 
assumption took this as one half. The source of this difference is difficult to trace 
using the output of the numerical calculation because of the method by which the 
value of ζ was derived above. When the values of ζ for r/t = 200 and 
0.25 1.23d rtΓ = = −  are plotted (Figure 3.47), it can be seen that the value of ζ at 
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Figure 3.47: ζ extracted from ABAQUS (r/t=200) 
 
For 0h rtΛ = = , the value of ζ from Equation 3.50 is in the region of 0.31 for 
the narrowest bracket and 0.35 for the widest bracket. It is reasonable to extrapolate 
and conclude that for 0d rtΓ = =  the value of ζ for 0h rtΛ = =  is in the same 
region and slightly smaller than the value for 0.25d rtΓ = =  since this was the 
narrowest bracket investigated. The value of ζ given by Equation 3.51 is slightly 
higher than the values seen in Figure 3.47, but is still a reasonable value. 
Based on the above discussion, the physical model developed for an 
infinitesimally small bracket is still valid (Equation 3.33), but Equation 3.30 should 
be changed to read 























This chapter has studied the behaviour of a cylindrical shell in the 
neighbourhood of a rectangular stiff bracket, examining the linear bifurcation 
behaviour.  The location and form of the buckling modes were explored and it was 
found that three modes exist, depending on the geometry of the rectangular bracket.  
For brackets of typically practical geometry, the first mode dominates, consisting of 
a buckle a short distance above the top surface of the bracket.  The location and 
dimensions of this buckle were explored, as the size and shape of the bracket were 
varied. 
A very large number of linear bifurcation calculations were performed to explore 
the variation of the buckling load with the geometric and material parameters.  Most 
other shell buckling problems resolve into relatively simple algebraic expressions for 
the linear bifurcation load, despite the complicated mathematics which precedes the 
outcome.  It was therefore expected that this problem might yield some similar 
simple relationships, but this expectation was found to be far from reality.  As a 
result, a very considerable effort was put into trying to find a suitable simple physical 
model to represent the buckling condition, and into obtaining a good set of empirical 
relationships that could be used to represent the complicated variations with the 
different parameters. 
The idea that the linear bifurcation load would be easily represented by some 
simple expressions was naturally encouraged by the studies of the apparently similar 
problem of a support beneath the bottom of the shell wall (Guggenberger, 1991; Li, 
1994; Guggenberger et al., 2000; Guggenberger, 2006). However, the calculations 
presented in this chapter have shown that the outcome of linear bifurcation analyses 
for the shell supported by a bracket at mid-height is a far more complex problem than 
that of a shell supported on its lower edge.  
It has been found that the complexity of this problem derives mainly from the 
position of the bracket. When the bracket is positioned on the side of the silo at mid-
height, only a part of the applied load is transmitted as compression into the top of 
the bracket, since stresses are also transmitted as shear and tension into the side and 
the bottom of the bracket. The compressive force transmitted through the top of the 
bracket was found to be almost solely responsible for the buckling phenomena. This 
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is very different from a support positioned on the bottom boundary, where the 
compressive force introduced is easily calculated as the applied load divided by the 
number of supports. In addition, for a bracket positioned away from the bottom edge, 
the shear on the side of the bracket adds to the complexity of the problem, since the 
shear field next to the bracket allows the compression field above the bracket to 
become more uniform and this leads to buckling at lower loads. 
The physical model developed and presented in this chapter is a simple one, but 
seems adequate for the purpose.  It was assumed that the buckling load could be 
predicted by using a criterion of a calculated stress at the location where the buckle 
really forms.  The calculated compressive stress was assumed to be equal to the 
classical elastic buckling stress for uniform compression.  It was postulated that this 
stress could be regarded as acting uniformly over a horizontal length of shell Δ. This 
led to a very simple model, but the outcome appears to have been satisfactory 
because the simple empirical predictions are quite accurate. 
Even though the model is simple, it provides a good approximation to the 
bifurcation load. It also provides some part of the explanation for the physical 
background of the buckling behaviour.  The empirical approximation to the 
bifurcation load provides a better fit than the physical model in all cases, except for 
the special case of an infinitesimally small bracket, which was studied as a simple 
reference case.  For this simple but impractical problem the empirical fit over-
predicts the bifurcation load for all silos by 12%. Since the case of a bracket with 
zero dimensions is a purely theoretical case and the empirical equation provides a 
very good fit for all other cases, even the cases where the width of the bracket was 
chosen to be zero and the height of the bracket finite, the derived equation is judged 
to be suitable to use for the prediction of all bifurcation loads of the problem 
investigated in this work. 
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4 Materially Nonlinear Analysis (MNA) 
4.1 Introduction 
Materially nonlinear analysis describes the plastic collapse of a structure using a 
nonlinear description of the constitutive behaviour of the material, coupled with the 
assumption of small displacements and perfect structural geometry to obtain the 
nonlinear response of the structure.  Where the stress-strain response is treated as 
ideally elastic-plastic, this analysis is able to identify the classical plastic collapse 
load of a structure.  This classical plastic collapse load arises because realistic 
algebraic estimates of the failure load of a wide range of ductile structures can only 
be achieved by making these assumptions.  It carries the added benefit that the 
classical plastic collapse load is always obtainable, unlike failure loads obtained 
using other analyses (Rotter, 2005). 
This materially nonlinear analysis is an essential part of understanding the 
failure behaviour of a shell structure, since the plastic collapse load generally gives 
an upper bound for the remaining, more sophisticated analyses, depending on the 
failure behaviour of the specific geometry considered.  It may be noted in passing 
that the plastic collapse load may be exceeded when strain hardening of the material 
is included, or when changes in geometry lead to increases in the loads supported.  
For most shell structures, the plastic collapse state has not been studied 
extensively, even though there was considerable research in this area in the 1960’s 
(Massonnet and Save, 1972).  Here, this materially nonlinear, but geometrically 
linear, analysis is used to describe the plastic collapse of a structure by using small 
displacement theory and elastic-perfectly plastic material with the von Mises yield 
condition.  
This analysis is far more sophisticated than the simple eigenvalue analysis 
described in Chapter 3. In computational formulations, a sequence of successively 
increasing load increments is required to obtain the elastic-plastic and the fully 
plastic states. In this study, the modified Riks algorithm was used (see also 
Chapter 1). 
This chapter will describe first the choice and verification of the element and 
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mesh chosen, including benchmark calculations. This is followed by a study of the 
bracket supported shell and closes with the development of a simple formula to 
calculate the plastic collapse load. 
4.2 Verification of the computational model 
4.2.1 Element choice 
The finite element package ABAQUS (HKS, 2003) provides several alternative 
shell elements for the numerical analysis. A short description of the elements 
considered is given here. 
The first element considered was the S4R shell element, which is a 4-node 
doubly curved general-purpose shell, with reduced integration with hourglass control, 
and permitting finite membrane strains (ABAQUS manual (HKS, 2003)). ABAQUS 
recommends this element for thick and thin shell analysis, and claims that is gives 
“robust and accurate solutions for most applications” (ABAQUS analysis user’s 
manual (HKS, 2003)). Other elements were also considered, notably the S8R thick 
shell element, which is defined as an “8-node doubly curved thick shell, with reduced 
integration” and the thin shell element S8R5 with the description “8-node doubly 
curved thin shell with reduced integration, using five degrees of freedom per node”.  
When the elements were tested for their suitability for different analyses, both of 
the 8 node elements displayed difficulties to achieve a solution.  
The numerical analysis did not converge to a solution for some bracket 
geometries in the materially nonlinear analysis when the thin shell element S8R5 was 
used.  Unfortunately, this convergence problem could not be solved. 
When the thick shell element S8R was used, the analysis did not converge to a 
solution for the first load increment, using the modified Riks method, when used in a 
geometrically nonlinear, elastic buckling analysis (GNA).  A test was also made 
using an example silo shell and bracket with the dimensions r/t=600, h/r=0.12 and 
h/d=3.  A serious difficulty exhibited by this element was its failure to satisfy the von 
Mises yield criterion (Figure 4.1). The values displayed at some nodes in the 
ABAQUS output file (Figure 4.1) for the thick shell element S8R were much higher 
(e.g. 565.6MPayσ = ) than the input yield stress given as 250MPayσ = .  Therefore 
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the element was considered as not suitable. 
 
Figure 4.1: Contour plot of a shell with h/r=600, h/r=0.12,  
h/d=3 after a MN-analysis with S8R elements 
 
Since it was desirable to choose an element which would give an accurate 
solution for all the analyses performed in this thesis and only the 4-node general 
purpose element fulfilled this criterion, this element was chosen in for the analysis. 
4.2.2 Convergence study 
A convergence study with the 4-node, general purpose element S4R was 
performed to verify the mesh.  An example silo shell and bracket with a geometry of 
r/t=600, h/r=0.12 and h/d=3 (Figure 4.2) is described here. For this purpose, the 
plastic collapse load was calculated for the example geometry using meshes with a 
progressively increasing number of elements. As the number of elements was 
increased the collapse load should decrease towards the real collapse load, which 
would be reached if an infinite number of elements were used.  The result should 
decrease because the finite element has a constrained displacement field which 
should always lead to an upper bound to the correct answer.  One way to show the 
convergence of the mesh is to plot the plastic collapse load against the number of 
elements used in the mesh or the number of degrees of freedom in the system.  The 
real collapse load can then be found as an extrapolation of the number of elements 
used towards infinity.  Extrapolating the number of elements towards infinity to find 
the real collapse load is not an easy task. The plot does not necessarily follow a 
known function and has to be estimated by eye. For a better and more rigorous 
extrapolation a different approach was used (Figure 4.3). Instead of plotting the 
collapse load against the number of degrees of freedom in the system, the collapse 
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load was plotted against the inverse of the number of degrees of freedom in the 
system. The clear advantage is that the extrapolation to find the real collapse load is 
towards the axis.  This not only allows a more accurate extrapolation but permits a 





















a) bracket dimensions b) shell dimensions and notation 
Figure 4.2: Shell and bracket dimensions 
 
The study shows a good convergence of the mesh. In this case the plastic 
collapse load for an infinite number of degrees of freedom (x=0, Figure 4.3) is ca 
57.54 MPa. The collapse load produced by the mesh chosen for this study is 59.71 
MPa.  





















Figure 4.3: Convergence study for a shell with the dimensions r/t=600, h/r=0.12, h/d=3 
 
The difference in collapse loads between the finest mesh and the extrapolated 
value from the convergence study was 3.8%, while the computing time is still within 
reasonable limits. Thus the mesh adopted for later calculations was deemed adequate, 
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but it should be noted that the numerical results should not be regarded as more 
precise than perhaps 4%, and should be taken as upper bounds on the correct answer. 
4.2.3 Benchmark validation tests 
To ensure the suitability of the element chosen, problems with a known solution 
were studied. These included the plastic collapse of a simply supported plate, the 
plastic collapse of a cylinder under a ring load normal to the shell and the plastic 
collapse of a silo-hopper transition junction.  For all these analyses, the material 
model was ideal elastic plastic with Young’s modulus E=200 000 MPa, Poisson’s 
ratio ν=0.3 and a yield stress of σy=250 MPa.   
4.2.3.1 Plastic collapse of a simply supported plate 
The first benchmark test was performed on a simply supported rectangular plate 
loaded by a uniformly distributed transverse pressure. The dimensions of the 
example plate were 100x200 mm with a thickness of 1mm and a yield stress of 250 
MPa.  
Since the failure mechanism of the simple supported plate under small 
displacement theory involves only bending, this appears to be a very simple test. 
Different analytical solutions are available for this standard problem. An analytical 
solution was obtained using the yield line theory with the result given by Equation 
4.1. The yield line theory uses the Tresca yield criterion to obtain an upper bound 
limit load (Figure 4.4a).  Further information on the use of yield line theory for metal 
plates can be found in Massonnet and Save (1972). 
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Figure 4.4: Sketch of different yield criteria and the yield line analysis 
 
For the example of a simply supported isotropic rectangular plate the upper 
bound yield line theory collapse load is 
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where (Figure 4.4) 









=  (4.3) 
For the example case (λ=0.5), and α=0.3257 (Equation 4.2) the plastic collapse 
load is found as 
 20.0884REFq N mm=  (4.4) 
Another approach to this problem can be found in the text by Massonnet and 
Save (1972).  There both upper and lower bounds to the collapse load are described 
using the Tresca yield criterion.  Using these two limits, the bounds on the exact 
plastic collapse load for this example are 
 0.0625 0.0884REFN mm q N mm≤ ≤  (4.5) 
Even though the simply supported plate seemed to be a fairly simple test, no 











difference of 41.4%.  This shows that the exact plastic collapse load is not easy to 
obtain, even for apparently simple problems.  
To verify the ability of ABAQUS to calculate the plastic collapse accurately 















































a) showing extensive plasticity b) at huge displacements 
Figure 4.5:  Load deflection path of a simply supported plate under uniformly distributed 
pressure (MNA) 
 
To calculate the numerical solution, a materially nonlinear analysis with small 
displacement theory was performed in ABAQUS (HKS, 2003) using the von Mises 
yield criterion. The load deflection path extracted from the ABAQUS output is 
shown in Figure 4.5. It shows a plateau very close to the yield line solution, but over- 
predicts this load by about 4%. The deflections shown in Figure 4.5 are very large 
indeed: too large to be reasonable, but these simply arise from the attempt to 
determine the precise position of the plastic plateau, and to show how slow this 
plateau may be to be properly developed.  
The analytical solution is an upper bound limit load and should therefore 
normally be larger then the numerical value, but the analytical solution uses the 
Tresca yield condition (Figure 4.4a), whereas the numerical model has used the von 
Mises yield condition and may therefore be larger. The 4% difference between the 
numerical result and the yield line theory solution is a natural result out of different 
yield criteria used.  It may also be noted that the finite element mesh may lead to a 
slight over-prediction too. The difference in the predicted collapse loads caused by 
using different yield criteria may have been partly reduced the fact that the yield line 
solution is an upper bound and so potentially lies above the value that would be 
found for an upper bound using von Mises criterion.  
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4.2.3.2 Cylinder with a radial ring load 
The next investigation was a thin cylinder subjected to a ring load (Figure 4.6). 
This example was chosen because it involves a cylindrical shell and there is an exact 
analytical solution using the von Mises yield criterion obtained by Sawczuk and 
Hodge (1960). 
 REF yP =1.949 t t rσ⋅ ⋅ ⋅  (4.6) 
This solution, being exact, satisfies both the upper and the lower bound theorems 
and is therefore a very good test of the numerical calculation of ABAQUS (HKS, 
2003).  It also has the advantage that it tests the analysis in a situation involving an 

























a) b) r/t=600, t=1 H=2400 
Figure 4.6: Sketch and load deflection path of the cylinder with ring load 
 
The failure mechanism for a ring loaded cylinder is a combination of plastic 
deformations involving both stretching and bending at different points in the shell.  
Under the radially inward applied load the cylinder displays deflections in the radial 
direction with the maximum deflection at the point where the load is applied. This 
introduces a high circumferential compression at this point. The plastic strain field 
near the load is dominated by yielding due to stretching (negative). Due to the radial 
displacement, the cylinder must bend in the axial direction to maintain compatibility. 
This introduces high bending plastic strains in the axial direction.  In addition, a 
reaction circumferential bending moment develops throughout the mechanism. 







expected that the load deflection path would be in the classical form with a well 
developed plateau in the plastic range. Unfortunately this was not the case (Figure 
4.12). Instead of the development of a plateau, the load deflection path continued to 
rise at large displacements. The plastic collapse load therefore could not be easily 
obtained directly from the load deflection path.  
Much thought went into the problem of extracting an accurate plastic collapse 
load from a load deflection curve of this type. Here the extracted plastic collapse load 
is to be compared with an analytical solution to a well-known problem. But the 
remainder of this thesis is concerned with brackets attached to a cylindrical shell, for 
which there are no analytical solutions. It was therefore necessary to find a reliable 
method of deducing the plastic collapse load in a manner that is not arbitrary.  
The work of Gerdeen (1979) on the extraction of plastic collapse loads for 
pressure vessels with very nonlinear load- deflection curve paths illustrates the 
difficulty very well: he was only able to offer a rather arbitrary criterion which relied 
on the load achieved when the maximum displacement of the structure was a chosen 
multiple of the value corresponding to elastic displacement alone.  He also proposed 
the use of volume change as the measure of displacement.  Such a criterion is clearly 
not of general applicability and cannot lead to satisfactory determinations in all cases. 
In response to this situation, a modification of the Southwell plot (Holst et al., 2005) 
was devised. This idea was first proposed by Holst et al. (2002) , but has been 
extended here. 
The Southwell plot was originally conceived (Southwell,1932) to obtain an 
accurate estimate of the elastic buckling load Pcr in an experiment on an imperfect 




= −  (4.7) 
where P is the applied load, w is the measured deflection, and w0 is the initial 
imperfection amplitude in the fundamental buckling mode. 
This plot is valuable whenever a load displacement curve has a hyperbolic form, 
as the hyperbolic data are transformed into a linear plot from which the key 
parameters can be extracted. The difficulty with this plot is that the critical load is 
expressed as the slope of the function and cannot be directly extracted (Figure 4.7).  
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Since the load deflection curves did not develop a plateau but continued to rise 
(Figure 4.6), the Southwell plot did not show a straight line close to the plastic 



























a) showing extensive plasticity b) at small displacements 
Figure 4.7: Southwell plot of the cylinder with ring load (Figure 4.6) 
 
The modified Southwell plot (Horne and Merchant, 1965) presents the data in a 




= −  (4.8) 
where P is the applied load, w is the measured deflection, and w0 is the initial 
imperfection amplitude in the fundamental buckling mode. A plot of P against P/w 
gives the asymptotic load as the intercept on the ordinate axis.  By choosing this 
form, observations that are progressively closer to the desired load level give points 
that are progressively closer to the target intercept.  The application of Southwell- 
type plots to other structures and in other circumstances has been discussed, for 
example, by Mandal and Calladine (2002) for the lateral-torsional buckling of beams.  
As noted above, the key feature of the Southwell plot is that it transforms a 
hyperbolic function into a linear one: where a phenomenon is exactly hyperbolic, it 
transforms into an exactly linear plot.  In the analysis of metal shells, the material 
properties are often assumed to be elastic-perfectly plastic.  However, the kink in the 
bilinear material law is radically smoothed by the need to develop a complete plastic 
mechanism, and in shells the interaction between bending and stretching in two 
directions exacerbates it. Thus an MNA analysis produces a load-displacement curve 
that approaches the hyperbolic form, particularly when close to the asymptotic load. 
The modified Southwell plot then provides a good means of obtaining the required 
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reference load. 
When the modified Southwell plot is applied to the results of the ABAQUS 
analysis (Figure 4.8), the curve is initially vertical, because the behaviour is linear 
elastic. At higher loads the slope of the modified Southwell plot is close to linear 
over a large range before a significant increase in slope is observed towards the end 
of the curve (Figure 4.8).  A tangent drawn to the second linear portion of the curve 
at the point of minimum slope intercepts the load axis at the plateau load 1.0307, 
which is a 3.07% higher than the classical solution. 
At very large displacements the linear path turns into a vertical line (Figure 4.8). 
This pattern of behaviour caused much delay whilst a cause was sought.  Initially it 
was thought that ABAQUS might introduce some artificial strain hardening into the 
material model to ensure convergence of the solution at high plastic strains, but no 
evidence could be found in the manuals to support this proposition.  Instead, the 
ABAQUS manual proposes a “work-around” technique to deal with such effects in 
Section 4.4.3.4. In view of the fact that the load deflection curve continually rises 
and finally produces a vertical line in the modified Southwell plot in the range where 
very high plasticity occurs, it was thought that a better method was needed to extract 
the collapse load.  The modified Southwell plot appears to produce a consistent, 
mesh independent (Figure 4.9) and repeatable method of finding this load accurately. 























Figure 4.8: Modified Southwell plot of the cylinder with ring load (Figure 4.6) 
 
As can be clearly seen from Figure 4.6b and Figure 4.8, the transformation of the 











plastic collapse load to be made. There is just a slight over-prediction of the failure 





















































Figure 4.9: Modified Southwell plot of the ring loaded silo with different numbers of 
elements 
4.2.3.3 Plastic collapse of a silo- hopper transition junction 
The third benchmark test undertaken was the plastic collapse of a silo-hopper 
transition junction (Figure 4.10a). The analytical solution (Figure 4.10b) for this 
problem was developed by Teng and Rotter (1991).  This solution can also be found 
as an benchmark test in the European shell standard (EN1993-1-6, 2006). The 
material used was linear elastic–perfect plastic using the von Mises yield criterion. 
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The silo - hopper transition junction was chosen as a benchmark test due to its 
more complex failure behaviour than the benchmark tests performed above. 
The overall collapse mechanism of the junction is caused by axial tension in the 
hopper causing circumferential compression at the transition junction, with extensive 
meridional bending in all shell segments.  The stiffener at the transition fails under 
pure circumferential compression.  The upper cylindrical shell and the bottom 
conical shell both suffer circumferential compression, but the yielding of the outer 
surfaces is dominated by meridional bending in a ring zone around the 
circumferential axis. 
 
Figure 4.11: Loading and boundary condition of the silo hopper transition junction 
 
The load is applied to the hopper as a meridional tension (Figure 4.11). The 
bottom of the cylindrical wall of the silo is simply supported whilst the top is free. 
One example is illustrated here (Table 4.1), but several different geometries were 
tested. 
fy= 250 MPa Ar= 5000 mm 
β= 45° η= 0.7071 
r= 5000 mm ψs=ψh= 0.89393 
tc= 10 mm loc= 218.016 mm 
ts= 10 mm los= 194.892 mm 
th 10 mm loh= 231.767 mm 
tp= 50 mm PxhR= 809.408 MPa 
b= 100 mm 
Table 4.1: Geometry chosen and constants required for the calculation of the plastic 
collapse load 
 
The applied load and the deflections obtained from the numerical calculation 
have been made dimensionless in the following calculation to illustrate the ratio 




the analytical solution for plastic collapse and the deflections obtained from the 
numerical solution are divided by the radius of the junction. 
The numerically calculated load deflection path (Figure 4.12) does not display, 
as seen in the previous benchmark test, a plateau. The deflections illustrated in the 
load deflection path (Figure 4.12) are very large and purely theoretical, but the very 
large values are used here to show that no plateau develops.  When the same load 
deflection path is shown over a range of smaller deflections, it appears to develop a 
plateau, but it is not easy to decide at what load the “plastic collapse” may be said to 
















































a) showing extensive plasticity b) at smaller displacements 
Figure 4.12: Load deflection path of a junction  
 
The modified Southwell plot was used once more to try to obtain a systematic 
method of extracting the desired collapse load. The result is shown in Figure 4.13 
where the plastic collapse can be easily obtained from the modified Southwell plot.  
The intersection with the y-axis, which is the ratio between the load obtained from 
the numerical calculation and the analytical solution is very close to unity (~1.007). 
Therefore the numerical result of this example agreed very well with the analytical 































Figure 4.13: Modified Southwell plot of the hopper-silo-junction   
4.2.4 Summary the verification of element and mesh 
The chosen mesh converged well for the materially nonlinear analysis with small 
displacement theory and the element passed the benchmark tests without difficulties. 
Therefore it was assumed that both mesh and element are suitable for this analysis. 
 
4.3 The bracket supported shell 
4.3.1 Example geometry of a bracket supported shell 
After verification of the mesh and element, the focus was moved to the problem 
of the bracket supported shell.  
Based on the performed benchmark tests (plate, cylinder under a ring load and 
silo junction), it was natural to suppose that the structure would have a yield line 
collapse mechanism including bending and stretching.  When the ABAQUS output 
files of the materially nonlinear analysis (MNA) were analysed, no such mechanism 





a) Stresses around the bracket b) Von Misses yield ellipse 
Figure 4.14: pure tension, shear and compression around the bracket 
 
Therefore consideration was given to the absolute maximum load that the 
bracket could possibly sustain.  The simplest model is to assume pure uniform 
membrane compression on the upper boundary, pure membrane uniform shear on the 
sides and pure uniform membrane tension on the bottom of the bracket (Figure 4.14).  
These three stresses were all assumed to be at full membrane yield.  But the 









a) Stresses around the bracket b) Von Misses yield ellipse 
Figure 4.15: Absolute maximum stress amplitude to be sustained by the bracket 
 
A closer look at the von Mises yield ellipse shows that the stress state for the top 
and bottom can be higher than the uniaxial yield stress in both tension and 








































But the resulting reference load is clearly the absolute maximum load that the 
structure could possibly sustain.The maximum value for the membrane compressive 
and tensile stress is 2 3 1.15y yσ σ= (Figure 4.15), whilst the maximum value 
obtained from the von Mises yield ellipse for yielding in pure shear is 
3 0.577y yσ σ= .  These values multiplied by dimensions of the bracket then give 
the ultimate plastic collapse load as the maximum support force the bracket can 
possibly support if made of purely elastic-perfectly plastic material (Equation 4.9). 
 , 2 2 3 2 2 3 2 1 3REF MNA y y yF t d t d t hσ σ σ= ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅ ⋅  (4.9) 
 ( ), 2 2 2 3 2 1 3REF MNA yF t d hσ= ⋅ ⋅ ⋅ ⋅ + ⋅ ⋅  (4.10) 
where σy is the yield stress, t is the thickness of the shell, 2d is the whole width 
of the bracket, and h the height of the bracket. 
It was shown in the benchmark test that the load deflection path in a materially 
nonlinear analysis does not necessarily develop a plateau.  This is also the case for 
the problem of the bracket supported silo (Figure 15).  The example cylinder and 
bracket used to calculate this load deflection path had the dimensions r/t=600, 
















Figure 4.16: Typical Load deflection path of a silo with the geometry of r/t=600, h/r=0.12, 
h/d=3 
 
The typical load deflection path obtained from the numerical analysis (Figure 
4.16) displays the expected straight line in the elastic range, becomes then nonlinear 
in the elastic-plastic transition zone, but continues to rise instead of developing a 
plateau. It should be noted that the deflections in the load deflection diagram (Figure 
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4.16) are not as large as they were in the benchmark tests. Different possibilities have 
been considered to define the failure load, as illustrated in Gillie et al. (2002).  
In Gillie et al. (2002) the authors proposed the use of a maximum rotation of the 
bracket to define failure, following the recommendation of the draft Eurocode for 
shells ENV 1993-1-6 (1999).  But in the investigation described here the bracket was 
constrained against rotation, so this failure criteria was not directly applicable.  
Another possibility would have been to use a maximum deflection somewhere on the 
shell to define failure, but this would necessarily be an arbitrary value.  The difficulty 
here would be to define what value would give an appropriate allowable maximum 
deflection.  Both of these methods seemed ad hoc and quite inappropriate. 
The modified Southwell plot was used here, since it has been shown that the 
plastic collapse load can be extracted accurately. 

















Figure 4.17: Modified Southwell plot.   Shell geometry r/t=600, h/r=0.12, h/d=3 
 
But when this reference load was compared to the numerically calculated 
collapse load (Figure 4.17), it was evident that the numerically calculated load was 
still higher (about 11%) than the reference load.  It was therefore necessary to find a 
reason for this discrepancy, which clearly must have its origin in some error in the 
numerical calculation. 
The phenomenon seen here was not an isolated case.  All of the materially 
nonlinear analyses of bracket supported shells showed an over-prediction of the 
collapse load, with different extents (up to 26%) of over-prediction.  
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4.4 Investigation into the problem 
4.4.1 Introduction 
Due to the apparently clear over-prediction of the collapse load by the numerical 
simulation, a new investigation was performed to try to find the source of this 
discrepancy. All the investigations were performed with the cylinder and bracket 
geometry mentioned in the previous section (r/t=600, h/r=0.12, h/d=3, H=4r and 
t=1). 
To investigate the problem the following factors were investigated:  
• Stress distribution around the bracket 
• Material (Young’s modulus, Poisson’s ratio and yield stress, elastic-perfectly 
plastic material model, number of section points, Ramberg-Osgood material 
model 
• Geometry of cylinder (Thickness of the shell, influence of the curvature of 
the shell 
• Bracket properties and connection to the shell 
• Loading 
• The symmetry boundary conditions 
• The singularities at the corners of the bracket 
• The suitability of the element (Shear locking, finite membrane strain, a new 
mesh using a mixture of elements) 
4.4.2 Stress distribution around the bracket 
To confirm that the internal stress state does comply with the external 
equilibrium, the membrane stress resultants around the bracket were extracted and 
integrated over the relevant lengths and then compared to the applied load in the 
corresponding load increment. 
In a fully plastic state (yielding in both of the outer and the inner surface all 
around the bracket) the membrane stress resultants (Figure 4.18) correspond very 
well with the theoretical model, which assumed full plasticity around the bracket.  
This stress distribution can be found at a load increment just above the reference load, 
which indicates that the simple theoretical model is correct.  Since there is now a 
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fully plastic state all around the bracket, the load applied to the cylinder bracket 
model should not rise further, but should display a plateau.  As it was noted before, 
this is not the case. Therefore the internal stress resultants and the external loads are 
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4.4.3.1 Young’s modulus, Poisson’s ratio and yield stress 
Next the element property definitions were tested. For the elastic material the 
Young’s modulus and the Poisson ratio were tested. The Young’s modulus should 
only make a difference in the elastic and the elastic-plastic-transition range, but an 
increase in the Young’s modulus does reduce the absolute values of the total strain 
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and might therefore lead to a different result if the computer program contains a 
hidden algorithm that introduces an artificial strain hardening at large plastic strains.  
This technique has also been suggested in Rotter (2005).  Different Young’s moduli, 
higher and lower than the original Young’s modulus, were chosen to investigate any 
changes in behaviour.  The Young’s modulus chosen for the original calculation was 
E=2.0E+05 MPa, modelling mild steel.  For an easy comparison of the different 
Young’s moduli, the x-axis (load divided by deflection) was made dimensionless by 
dividing the values by the constant value P/welastic (Figure 4.19), since the value 


















Figure 4.19: Modified Southwell plot with E=2.0E+05 MPa 
 
For the calculation with a very high Young’s modulus, the numerical calculation 
did not complete (Figure 4.20) due to convergence problems during the analysis. But 
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Figure 4.20: Modified Southwell plot with varying Young’s modulus 
 
Not all Young’s moduli that were used in this investigation are shown here, 
since there would be a loss of clarity.  However, the result was the same for all 
values of Young’s modulus tested.  Therefore a change in the Young’s modulus does 
not change the outcome of the numerical analysis (Figure 4.20), contrary to the 
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proposal of Rotter (2005). 
It was next thought that the Poisson’s ratio would only change the outcome in 
the elastic range of the materially nonlinear, geometric linear analysis, but to ensure 
that the thinning or widening of structure was not included in the element 
formulation for highly plastic behaviour, a little study was carried out.   
 
 
a)tension b) compression 
Figure 4.21: Deformed shape of the bar in tension and compression (superimposed 
undeformed shape) 
A bar under pure tension and under pure compression was considered (Figure 
4.21).  The material was elastic-perfectly plastic and small displacement theory was 
used. The bar was simply supported at one end and loaded in tension at the other end. 
If the Poisson’s ratio cross-sectional area reduction is included in the element 
formulation, the bar in tension would thin considerably and the load would be 
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Figure 4.22: Load deflection curve for the plate under tension and compression 
 
By contrast, when the bar is in compression, the cross-sectional area should rise 
and the load would increase.  The bar was modelled in such a manner that it could 
change its width over the whole length of the bar.  The results showed that this 
change of cross-sectional area effect is not included in the element formulation, since 
both the load deflection curves developed a plateau and were also identical for 
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tension and compression (Figure 4.22) even at very large strains (many hundreds of 
percent strain!).Even though it has been shown (Figure 4.22), that the Poisson’s ratio 
does not affect the outcome of the plastic collapse load of this tension/compression 
test, it was also tested on the bracket supported shell.  However, as expected, the 




































Figure 4.23: Modified Southwell plot with varying Poisson’s ratio 
 
The next parameter to be investigated was the yield stress to ensure that it had 
been implemented correctly.  The hypothesis to be tested was that the collapse load 
should vary roughly linearly with the yield stress, since the analysis is small 
displacements (no change of geometry) and the shell-bracket system has therefore 
always the same stress pattern when yielding starts, though at different load levels. 
Hence the collapse mechanism should be the same, but at different loads, depending 
on the yield stress.  
The results of the numerical analysis confirmed this hypothesis.  For clarity the 
collapse load was made dimensionless by dividing by σyt and is plotted against the 
yield stress in Figure 4.24, where the result should be a constant value.  Slight 
differences occur in the dimensionless collapse load (Figure 4.24), but these arise 
from the process of extraction of the collapse load and are very small indeed.  
Therefore it can be said that the yield stress is not a source of the over-prediction of 














































Figure 4.24: Variation of the collapse load with the yield stress 
4.4.3.2 Elastic- perfect plastic material model 
The next proposition considered was that the elastic-perfectly plastic material 
model in ABAQUS could be at fault and might cause difficulties in the finite element 
calculation.  Therefore a very small amount of strain hardening was introduced.  This 
change in the material model only made an insignificant difference to the end result.  
4.4.3.3 Number of section points 
The quality of the through-thickness representation of the stress distribution was 
also questioned.  To explore this issue, the number of section points through the 
thickness of the element was varied to ensure that enough section points were being 







































Figure 4.25: Modified Southwell plot with varying the number of section points though the 
thickness of the shell 
 
The number of section points was varied from 5 to 200, but the number of 
section points did not make any significant difference to the end result (Figure 24).  
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4.4.3.4 Ramberg-Osgood material model 
To ensure that the plasticity model was not the cause of the constantly rising 
load at plastic collapse, the Ramberg-Osgood material model was used instead.  The 
following description is taken from ABAQUS Analysis User’s Manual section 











⋅ = + ⋅⎜ ⎟
⎝ ⎠
 (4.11) 
where σ is the stress; ε is the strain; E is Young's modulus (defined as the 
tangent to the stress-strain curve at zero stress); α is the “yield” offset; 0σ is the yield 
stress, in the sense that, when 0σ σ= , ( )0 1 Eε σ α= ⋅ + ; and n is the hardening 
exponent for the “plastic” (nonlinear) term: 1n > . 
The manuals also states: “The deformation theory Ramberg-Osgood plasticity 
model is primarily intended for use in developing fully plastic solutions for fracture 
mechanics applications in ductile metals”.  Thus the developers of ABAQUS did not 
intend this use of the deformation theory of plasticity to be used in an application of 
the kind studied in this thesis.  
The purpose of this study was to ensure that an elastic-perfectly plastic material 
model can capture the yield state around the bracket accurately and reflect this in a 
plateau at peak load, corresponding to the plastic collapse load of the system.  The 
Ramberg-Osgood plasticity model, as coded into ABAQUS (HKS, 2003), permits 
use of the command “fully plastic”, which terminates the analysis when a specified 
element suffers plastic strains in excess of 10 times the offset yield strain. 
Since it was thought that ABAQUS might introduce some hardening into the 
von Mises the perfectly plastic model (as a potential cause of the steadily increasing 
load deflection path), the concept used here was that the Ramberg-Osgood model 
analysis could be stopped when the plastic strain becomes too large.  To achieve a 
good comparison, the Ramberg-Osgood model was made very similar (with α=1.01, 
n=300, ν=0.3, E=200000MPa) to the elastic-perfectly (ν=0.3, E=200000MPa) plastic 























Figure 4.26: Stress-strain diagram of the elastic –perfectly plastic and the Ramberg-
Osgood material model 
 
The effect of using the Ramberg-Osgood plasticity model may be seen in the 
comparison with the perfectly plastic model shown in Figure 4.27.  The Ramberg-
Osgood model does not change the plastic collapse load, but the analysis stops well 
before the perfectly plastic model in the modified Southwell plot starts to curl up 
(that is, as P/w approaches zero).  But it is evident that this adoption of the Ramberg-
Osgood model is not a satisfactory solution to the problem of the very high loads 





























Figure 4.27: Modified Southwell plot of the same shell geometry with different plasticity 
models 
4.4.4 Geometry of cylinder 
4.4.4.1 Thickness of the shell 
The element chosen for this study (S4R) is a general purpose element.  It uses 
thick shell theory when the shell thickness is large but becomes a discrete Kirchhoff 
thin shell element for small thicknesses (HKS, 2003).  Since the thickness of the 
cylinder was chosen to be a value of unity throughout this work (making all 
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dimensions dimensionless relative to the thickness t), the next investigation explored 
the question of the relative thickness of the element, and the consequent change in 
the shell theory used.  The exploration was designed to see if this could be the source 
of the difference between numerical behaviour and the reference load.  
The thickness of the elements was changed in the range 1 < t < 1000.  The 
resulting modified Southwell plots (Figure 4.28) show that the change of thickness of 
the cylinder does have a small effect on the load deflection path, but the overall 



































Figure 4.28: Modified Southwell plot with varying the thickness of the cylinder 
 
The extrapolated value for the collapse load does appear to decrease slightly as 
the thickness of the cylinder increases.  The reduction of the collapse load is 3.11% 
when the thickness of the shell is increased from 1 to 100 units.  This is not a 
significant effect.   
Therefore the thickness of the shell and the different shell theory used with 
different thicknesses of the shell (relative to its fixed radius of curvature) is not the 
source of the error. 
4.4.4.2 Influence of the curvature of the shell 
The next possibility considered was that the curvature of the shell was, in some 
way, the cause of this unexpected phenomenon.  To explore this question, a 
numerical analysis was performed of a flat plate loaded by a rigid flat bracket: this 
simulated a shell of infinite radius. 
The plate displayed the same behaviour problems as the cylindrical shell, by 
over predicting the load at high deformations.  Therefore the curvature of the shell 
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has no influence on the discrepancy between theoretical model and numerical 
prediction. 
4.4.5 Bracket properties and connection 
4.4.5.1 Material properties and thickness of the bracket 
In the earliest studies, the rectangular bracket and the cylindrical shell were 
assigned the same material properties, but the thickness of the bracket was chosen to 
be to significantly bigger than the thickness of the shell to simulate a rigid bracket.  
The next hypothesis to be tested was that the big difference in thickness of these 
adjacent elements was somehow causing this effect. 
To study this question, the thicknesses of the bracket and the shell were made 
the same, but the Young’s modulus of the bracket was increased.  It was again found 
that this could not be the cause of the problem. 
4.4.5.2 Connection between bracket and shell 
The next hypothesis for a cause of the anomalous behaviour lay in the 
connection between the shell and the bracket.  Initially the bracket was connected to 
the shell only by its edges, since a real bracket would be welded onto the shell 
around its boundary.  The connection was now made using a multiple point 
constraint. A multiple point constraint connects a master surface to a slave surface, 
making all degrees of freedom from the slave nodes the same as those of the master 
nodes, melding two nodes into one. The master surface was chosen to be the bracket 
since it is advised in the ABAQUS manual (HKS, 2003) that the stiffer surface 
should be the master surface.  To chose the shell as the master surface was found to 
make no difference to the end result. 
To confirm that the connection around the edges of the bracket did not introduce 
an error into the calculation, the multiple point constraint of the bracket was chosen 
to cover the whole area of the bracket instead of just its edges.  This change had no 
influence on the numerical solution. 
The only parameter regarding the bracket-shell-connection left to check for the 
connection between bracket and shell was the multiple point connection itself.  This 
check was performed by removing the connection completely.  Instead of modelling 
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the bracket as a separate part, the entire computational model was made from a single 
shell and the area where the bracket would have been on the shell was given different 
material properties and/or a different thickness to the rest of the shell.  Therefore the 
multiple point connection was removed, but the stiffness of the bracket and geometry 
was retained.  It was found that the connection was not the source of the error and the 
load deflection path stayed exactly the same.  
4.4.6 Loading 
An investigation was next undertaken to see if the manner in which the load is 
applied can make a difference.  A shell edge load and a body load applied to a 
section of height equal to the thickness were applied to the shell.  It was found that 
the change in the pattern of load application made no difference to the result. 
4.4.7 The symmetry boundary conditions   
The above explorations used only one eighth of the shell, exploiting the 
symmetry of the structure to save computing time, but the symmetry boundary 
through the middle of the bracket also lies in the zone of very high plasticity in a 
materially nonlinear analysis.  Therefore the symmetry condition was questioned as a 
possible cause of the problem.  The whole shell was modelled with four brackets 
around the circumference. The load deflection path stayed exactly the same for the 
45º and the 360 º models (Figure 4.29). Therefore it can be said that the symmetry 















whole silo (360 degrees and four
brackets)
eighth of the silo
 
Figure 4.29: Load deflection curves for a whole shell (360°) and one eighth of a shell (45°) 
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4.4.8 The singularities at the corners of the bracket 
The corners of the bracket represent points of high stress concentration and 
possible singularity.  These were next examined as the cause of the errors seen above.  
To explore the numerical treatment of these corner areas, the elements in the shell 
immediately adjacent to the corners were deleted from the finite element mesh. 
When these elements (Figure 4.30) were removed from the analysis, the extrapolated 
collapse load was reduced by about 1%, but the behaviour remained the same (Figure 
30).  
 





































Figure 4.31: Modified Southwell plot, showing the effect of the singularity 
4.4.9 The suitability of the element 
4.4.9.1 Shear locking of the general purpose element S4R 
Shear locking can be a problem for shell elements, resulting in very slow 
convergence and very stiff bending behaviour. Extensive studies have been 







manual (HKS, 2003) recommends elements with reduced integration, like the general 
purpose element S4R and the thick shell element S8R, since they are considered to 
be free of shear locking. The S4R and S4 element were extensively verified using 
different benchmarks in Bauchau et al. (2006). 
Therefore no separate investigation of this question was undertaken here.  
4.4.9.2 Finite membrane strain 
The general purpose shell element S4R includes the facility to use the 
assumption of finite membrane strain theory, in place of small strains. When finite 
strain is taken into account, the thickness of the shell element increases when the 
element is in compression and decreases when it is in tension.  In the case of the 
bracket supported shell, the thickness of the cylinder would increase above the 
bracket and decrease below the bracket, which could lead to a slightly different 
numerical solution from that identified in the above reference load.  It was thought 
very unlikely that the finite strain was incorporated in the formulation of the 
geometrically linear analysis since the membrane stress resultants correspond very 
well with the theoretical model proposed and the stress resultants are calculated by 
integrating the corresponding stresses over the thickness and hence would have taken 
any change in thickness already into account. 
Since the ABAQUS manual did not provide a satisfying answer to the question 
of inclusion of finite strain when the geometric nonlinearity is not considered, a bar 
in tension and compression was investigated similar to the bar tested for the 
Poisson’s ratio. The bar was simply supported at one end and loaded at the other end. 
To ensure that only the effects of the change of thickness would be considered, the 
bar was also constraint so no change in the width could occur.  
For this problem the only possible deformation is the lengthening/shortening of 
the bar and a change in thickness.  If a change in thickness occurs and the width of 
the bar stays the same as the initial width throughout the analysis, the load should 
drop when a tensile load is applied and due to the reduced thickness of the bar and 
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small displacement theory 
large displacement theory
 
a) plate in tension b) plate in compression 
Figure 4.32: Investigation into the change of thickness of the shell element 
 
The results of this little study are shown in Figure 4.32.  When small 
displacement theory was used, the load stayed constant in the fully plastic range, 
indicating that no change of thickness occurred, but when large displacement theory 
was used under tension the load dropped (Figure 4.32a) due to the reduced thickness 
of the element and under compression increased due to the larger thickness of the 
element. 
Hence the finite strain facility of the general purpose element S4R is clearly not 
included in the numerical analysis when small displacement theory is used.  This 
effect clearly cannot account for the discrepancy in the modelling of the bracket 
behaviour.  
4.4.9.3 Investigation into a new mesh using a mixture of 
elements 
Even though the suitability of the element S4R had been tested extensively and 
this element passed all of tests performed, it seemed appropriate to consider other 
elements again.  
The 8-node thin shell element S8R5 failed to converge to a solution in some of 
the materially nonlinear analyses, so had been rejected earlier.  And even after very 
extensive attempts, it was not possible to achieve convergence. 
The 8-node thick shell element S8R was initially regarded as unsuitable for the 
analysis because, when using this element, ABAQUS displayed stress states that 
were far above the von Mises criterion with the input yield stress.  
A further investigation into the thick shell element S8R showed that it does 
indeed compute the stresses that satisfy the yield criterion at the integration points, 
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but when it extrapolates the results to the nodes in regions with very high plasticity 
and high stress gradients, significant errors develop.  It also produced the correct 
result for a materially nonlinear analysis, but still failed to converge for a 
geometrically nonlinear elastic analysis (GNA).  
Therefore the next investigation was performed into the use of a mixture of 
elements in one mesh with the aim of achieving a mesh that would be suitable for all 
the analyses performed in thesis. 
Figure 4.33: Finite element mesh using S8R (dark grey) and S4R (light grey) 
 
Since the 4-node element S4R seemed to have problems mainly under conditions 
of high plastic strains but performed well in other analyses, and the 8-node thick 
shell element S8R performed well for high plasticity (apart from the extrapolation 
problem at nodes), a mesh with a mixture of these two elements was chosen. Thick 
shell elements were used to model the area of the cylinder directly underneath the 
bracket, for the bracket itself and most importantly a small ring of thick elements 
S8R (Figure 2.2, dark grey cylinder elements) was applied around the bracket, where 
the highest plasticity occurs. The remaining mesh was modelled with the general 
purpose element S4R (Figure 2.2, light grey cylinder elements). The connection 
between the different elements was made using a multiple point constraint (MPC). A 
multiple point constraint connects a master surface to a slave surface, making all 










melding two nodes into one. Every 8 node, thick shell element (S8R) is now 
connected to two 4 node, general purpose element (S4R) (Figure 2.2). The size of the 
element on the top and the bottom of the silo as well as the width of the element on 
the side of the bracket is kept constant to half a wall thickness, which correspond for 
the thickest silo (r/t=200) to 0.0145λ with λ being the half bending wave length (Eq. 
4.12), while the height of the elements on the side of the bracket was kept constant to 
one wall thickness which correspond for the thickest silo (r/t=200) to 0.0290λ.  
 









Therefore a large number of elements is needed in the mesh when both element 
types are used due to the connections required between the 4-noded elements and 8-
noded elements. 
This mesh resolved the problem of the over-prediction of the reference load and 
produced the same result as the mesh with the thick shell element S8R only (Figure 
4.34).   The progressive increase in load following attainment of the full membrane 
yielding load was finally eliminated, and the problem extensively described above 
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mixed element mesh (S4R and S8R)
 
Figure 4.35: Modified Southwell plot of the example geometry using the mixed element 
mesh with S4R and S8R elements 
 
This mesh was then tested extensively in other analyses and compared with the 
results from models for the same problem using the other elements.  It was found to 
be suitable for all analyses: LBA, MNA, GNA and GMNA.  These tests of the 
chosen mesh are described in the following chapters relating to the corresponding 
analyses.    
4.5 Recalculation of published results 
A similar bracket support was investigated by Gillie et al. (2002) and a 
statement was made there that no plateau could be obtained in the materially 
nonlinear analysis (MNA).   
In the investigation of Gillie et al. (2002), the bracket was free to rotate about 
the circumferential axis, while it was constrained against circumferential rotation in 
this thesis, corresponding to attachment to a stiff column in place of the ideally 
pinned connection used by Gillie et al..  In both investigations, the load was applied 
at the bottom of the cylinder as a ring tension and a 45 degree model was used.  
Here, as a verification of the outcome, one example geometry has been 
recalculated using a geometry used by Gillie et al. (2002).  The cylinder of radius 
r=10m and height H=40m, with thickness 10mm. The height of the bracket was 
h=300mm with a half width d=450mm and supported at an eccentricity of e=200mm. 
The material was treated as linear elastic-perfectly plastic with E=200000 MPa, 
ν=0.3 and σy=250 MPa. 
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Figure 4.36: Load deflection path calculated by Gillie et al. (2002) for the example 
geometry (taken from Gillie et al., 2002): note no plateau is reached 
 
The bracket was stated to be rigid and no mention was made in Gillie et al. 
(2002) of which element was used in the calculation, but it is thought to have been 
S4R5 (Gillie, 2002). 
Since the precise element was not known the S4R5 and S4R elements were used 
in an attempt to recalculate the problem. Only the results of the S4R5 element are 
shown here since the S4R element produced very similar results. The bracket was 
assumed to have several different thicknesses in different analyses since the 
thickness was not stated in Gillie et al. (2002). 
The result obtained by Gillie et al. (2002) is shown in Figure 4.36. When this 
result is compared with the re-calculation of the problem (Figure 4.37), the 
importance of the thickness (stiffness) of the bracket is clearly visible.  The 





























thickness of the bracket:
 
Figure 4.37: Load deflection path of the example geometry with different thicknesses for 
the bracket 
 
It should be noted that the original results could not been reproduced exactly.  
This might be due to a different modelling assumption or possibly to the finite 
element mesh. But without further information about their numerical model, this 
cannot be verified. 
When the bracket was made rigid (Figure 4.38) (as assumed in Gillie et al., 
2002) and the S4R/S4R5 elements were used, no plateau was obtained. When on the 
other hand the mesh finally achieved in Section 4.4.9.3 was used consisting of the 
thick shell element S8R and the general purpose element S4R in combination with 
the rigid bracket, a plateau does develop (Figure 4.38).  Moreover a plateau can be 
observed with this mesh at the plastic collapse load, which is very close the reference 
load defined in this chapter. 
A rigid bracket was achieved by increasing the thickness of the bracket to a 
value of t=10m. This value is clearly purely a numerical device and unreal, but it 
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Figure 4.39: Close up view of Figure 4.38 
 
The consequences of the poor choice of element in Gillie et al., 2002 is 
unfortunately not confined to the materially nonlinear analysis alone.  It greatly 
effects the geometrically and materially nonlinear analysis (GMNA). One might have 
expected a yield line failure mechanism, involving both stretching and bending, in 
this problem, but is has been shown through this example calculation that the plastic 
collapse is influenced by membrane yielding only for a rigid bracket.  
It is clear that the results for a similar problem to that of this thesis published by 
Gillie et al., 2002 must be treated with considerable caution.  The results of the 
present study have a much more secure and thoroughly explored basis.  
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4.6 Observation using the S4R-S8R-mesh 
After the above extended exploration to find an appropriate model within 
ABAQUS to be sure that the outcome was really secure, this mesh could now be 
used to explore the plastic collapse strengths of a range of bracket and shell 
configurations. The final mesh contained the mixture of the general purpose elements 
S4R and the thick shell elements S8R found above, and was used for all the 
subsequent studies. This mesh was used due to the inability of the S4R element to 
perform well in regions of highly localized plastic strains 
As was shown in Section 4.4.9.3, the collapse load now corresponds well with 
the reference load (Equation 4.13 = Equation 4.10, repeated here for clarity), using 
an ideal elastic-plastic material model, the von Mises yield criterion and small 
displacement theory.  
























Figure 4.40: Load deflection curve (MNA) of a shell with r/t=600, h/r=0.12, h/d=3 
 
The load-deflection curve now finally displays the expected classical shape 
(Figure 4.40), with significant plastic deformations developing at loads well below 
the collapse load, but turning into a horizontal plateau at a well defined collapse load.  
The modified Southwell plot does not need to be used any more, since the load 
deflection curve now finally displays a stable plateau.  
To illustrate the complete behaviour of the bracket in a small displacement 
theory elastic perfectly plastic analysis (MNA), the stresses progressively developing 
in the structure are shown here, first under elastic conditions, and then at the plastic 
collapse load.  The membrane stress resultants on a horizontal line through the shell 
at different heights are shown in Figure 4.41 to Figure 4.43.   
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First, to illustrate the elastic patterns of stress resultants, the outcome was taken 
from a load step in the elastic range and compares therefore to a linear elastic 
analysis (LA).  The vertical or meridional stress resultants are shown first (Figure 38).  
At the bottom, the load was applied and naturally there is the expected uniform 
meridional axial tension.  Half way between the base and the bracket, elevated tensile 
stresses develop towards the bracket meridian, with a corresponding decrease away 
from the bracket meridian.  Just below the bracket, high tensile stresses focus into the 
bracket, with a distribution similar to that of a rigid footing on an elastic halfspace 
(Timoshenko and Goodier, 1970).  A strong peak can be seen at the bracket corner, 
but tensile stresses also continue in the shell away from the bracket meridian, 
ensuring that some of the load by-passes the bracket and induces compression above 
it.  
On the side of the bracket, some of the load is transferred in shear (Figure 4.43) 
as can be seen in the peak in membrane shear at mid-height of the bracket. Above the 
bracket, load is transferred by compression into the top of the bracket (Figure 4.41), 
with a similar high peak associated with the bracket corner, as was seen just below 
the bracket.  It is clear that the corners of the bracket represent points of strong stress 
concentration, and that local plasticity will affect the behaviour here quite strongly.  
These are also points at which high shell bending stresses develop.  
The circumferential membrane stresses are shown in Figure 4.42, where it can 
be seen that high circumferential membrane stresses are developed near the top and 
bottom of the bracket through Poisson effects which arise due to the restraint of 
displacements by the stiff bracket.  Thus this is another case where high stiffness 
leads to unexpected stresses and here they affect the first yield condition strongly 
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Figure 4.43: Shear stress resultant in the elastic range 
 
In the plastic range, the different membrane stress resultants at different heights 
in the shell are shown in Figure 4.44, Figure 4.45 and Figure 4.46 (repeated from 
Chapter 2 for clarity).  The axial membrane stress resultant reaches 
2 3 1.1547y yσ σ± ⋅ ≈ ± ⋅  above and below the bracket, which are consistent with von 
Mises yield criterion (Figure 4.15), and which correspond to the von Mises criterion 
(Figure 4.15).  Further away from the bracket this stress resultant decreases to the 
value of the overall load divided by the circumference of the shell. The 
circumferential membrane stress resultant reaches the value of 3 0.5774y yσ σ± ≈ ± ⋅  
above and below the bracket, which are also consistent with von Mises yield 
criterion (Figure 4.15) and a plastic strain field in which the normal flow rule is 
satisfied by strains in only the axial direction.  Further away from the bracket this 
stress resultant decreases to zero. 
The stresses above and below the bracket are symmetrical when the area around 
the bracket reaches a fully plastic state (Figure 4.44 and Figure 4.45), where the axial 
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Figure 4.44: Dimensionless circumferential membrane stress 
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Figure 4.45: Dimensionless axial membrane stress resultant  
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Figure 4.46: Dimensionless membrane shear stress resultant  
from a materially nonlinear analysis in the fully plastic range 
 
4.7 Numerical plastic collapse values and the 
simple reference load  
In all the calculations described above, it was clear that the plastic collapse load 
that was being determined should really be close to the reference load defined by 
Equation 4.10 and illustrated in Figure 4.15. A study was conducted to verify that 
this was the case.  To ensure that the conclusion was secure, two extreme radius to 
thickness ratios were selected, being the thickest and thinnest shells explored here 
(r/t=200 and r/t=1000).  The heights of the brackets were varied between 1 < h rt  
< 7, and two extreme widths were used ( d rt = 0.25 and d rt = 1.25).  By using 
these extreme values for the radius to thickness ratio and the bracket width, together 
with a large range of bracket heights, the outcome could be confidently applied to all 
geometries of both cylinder and bracket. 
The results are shown in Figure 4.47.  The ratio of the numerically evaluated 
plastic collapse load to the simple reference load (Eq. 4.10) is plotted against bracket 
height for a large range of geometries.  It is clear that the simple reference load is a 
robust measure of the true plastic collapse load for this bracket-supported shell 




























Figure 4.47: Difference between the numerically calculated plastic collapse load and the 
reference load (Eq. 4.10) 
4.8 Numerical plastic collapse and estimates of the 
plastic collapse using a linear elastic analysis (LA) 
The extensive difficulties described above in achieving a reliable plastic analysis 
of this problem illustrates one of the major challenges set by the framework of shell 
behaviour used in the Eurocode for shell structures (EN 1993-1-6, 2007).  The plastic 
collapse load is one of the key reference loads to be found for the shell.  It is not 
always easy for the analyst to use the MNA analysis, so various propositions have 
been put forward for ways in which the plastic collapse load may be conservatively 
found using only a linear elastic analysis (Rotter, 2005).  The Eurocode adopts only 
one of these, in an attempt to be conservative for all cases.  However, this leads to a 
very conservative treatment of many problems, so further investigations are needed 
to see whether a less conservative criterion can be found that remains uniformly safe 
for a wide range of problems.  
As stated above, several different methods are available to estimate the plastic 
collapse load using a linear elastic analysis. The aim of this little study is to show 
how conservative these estimates are for the bracket supported shell.   
Three different criteria were considered: first yield at the surface of the shell, 
 175
first attainment of a membrane stress resultant set that satisfy the von Mises yield 
criterion and the Ilyushin yield criterion. The Ilyushin criterion (Eqs 14-19) is given 
in the Eurocode (EN1993-1-6, 2006) for the estimation of the plastic collapse load, 
since the drafting committee thought it to be universally conservative for this 
purpose.  
 ( )2 2 2 2 2, , , , , , , ,3eq ED x d d x d d x d xn d n dθ θ θ θσ σ σ σ σ τ τ τ= + − + + +  (4.14) 




θσ = ±  (4.15) 
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 , xnxn d
q
t
τ =  (4.19) 
A linear elastic analysis (LA) was performed at a fixed load level.  The stresses 
at the outer surfaces and at the middle surface of all elements were calculated to find 
the locations where the highest stresses could be found.  These highest stresses were 
extracted and used to deduce the load levels at which first yield and first membrane 
yield would occur using the von Mises yield criterion.  To use the Ilyushin yield 
criterion (Equations 14-19), the membrane stress and bending stress resultants in the 
elements with the highest coupled resultants were extracted.  The Ilyushin yield 
criterion was then used to deduce the load at which the equivalent stress would be 
equal the yield stress. 
Due the high stress concentration at the corner of the bracket, these elastic 
estimates of the collapse load (like the first yield criterion and the Ilyushin criterion) 
all tend to greatly under-predict the collapse load, since these criteria do not permit 
any re-distribution of stresses.  But it was still surprising to discover by how much 
the collapse load was under-predicted. 
To present a general overview of this effect a selection of cylinder and bracket 
geometries is presented.  Two different radius to thickness ratios were selected, the 
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thickest shell investigated in this thesis (r/t=200) and the thinnest shell (r/t=1000). 
The height of the brackets in this example varied between 1 < h rt  < 7, while only 
the narrowest ( d rt = 0.25) and the widest ( d rt = 1.25) brackets were 
investigated. 
Both the thick and thin shells display an almost identical ratio between the 
elastically-based estimate of the plastic collapse load and the numerical MNA 
evaluation of the true plastic collapse load (Figure 4.48 to Figure 4.51).  The under-
prediction becomes worse as a wider or taller bracket is used (Figure 4.48 to Figure 
4.51).  The closest estimate of the plastic collapse load found from an elastic analysis 
was therefore found to be that for the smallest bracket. 
But even the best estimation still predicts failure at 47.4% of the true plastic 
collapse load.  In the geometry showing the worst estimate, the failure was as 
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Figure 4.51: Percentage of the collapse load for different yield estimates 
 
As might have been expected, the Ilyushin criterion and the first surface yield 
predict a similar failure load, since both take into account bending of the shell, which 
is often severe at points of discontinuity or stress concentration.  The first membrane 
yield criterion estimates a higher plastic collapse load, but this is often still very far 
below the true plastic collapse load.  The cause of these under-predictions is the high 
stress concentration at the corners of the bracket.  
Whilst it was well known that these estimates of the plastic collapse load are 
conservative, it is slightly unfortunate that the true plastic collapse load can be under-
predicted by tenfold.  A simple method of finding the true plastic collapse load is 
therefore essential for an economic design of a shell that has any high stress 
concentrations or singularities.  Hence the materially nonlinear analysis is really an 
essential part of the design of a shell structure, especially under conditions where 
high local stresses may develop, causing a severe under-predictions of the plastic 
collapse as found here for the bracket supported shell. 
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4.9 Conclusion 
The element chosen initially (S4R) passed all of the benchmark tests conducted 
and therefore it was initially concluded that the S4R element would be suitable for 
the materially nonlinear analysis. 
But it has been shown that this choice of element is the reason why the collapse 
load is not correctly calculated for the bracket supported shell.  The other two 
elements (S8R, S8R5) that were tested both had difficulties in converging in many 
analyses.  
An extensive investigation was undertaken to try to find the cause of load levels 
considerably in excess of the plastic collapse load developing in these shells.  This 
investigation explored a large number of different questions, some of which might 
have been thought of as unlikely causes of the problem.  Nevertheless this 
exploration demonstrates the manner in which trial problems may be devised to 
explore detailed questions to identify the real cause of errors in finite element 
analyses. 
The final mesh sought here was one that could be used in all of the different 
analysis types (LBA, MNA, GNA, GMNA) so that an accurate comparison could be 
made between the analyses.  Since the S8R element was known to capture yielding 
well it was used in a small zone around the bracket, whilst the remaining mesh was 
composed of S4R elements.  This mesh captures the failure load of all analyses well. 
In the materially nonlinear analysis (MNA) the result was compared to a mesh with 
just S8R elements and the results were identical.  For the Linear Bifurcation Analysis 
and Geometrically Nonlinear Analysis the mesh was compared to one with S8R5 
elements with a good result.  The disadvantage of this mesh is that, due to the small 
band of S8R elements around the bracket, there are some elements with very large 
height to width ratios, which are not desirable. This disadvantage was considered to 
be minor, since these elements are far away from the bracket.  
The reason why the 4-node general purpose element S4R does not perform well 
in regions of highly localized plastic stresses could not be found. 
A bracket support from a previous study was recalculated and it was found that 
also in this case the general purpose element did not produce the correct answer, 
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whilst the mesh with the combination of elements (S4R and S8R), in calculating the 
same problem, does produce a good load deflection curve with a plateau.  Moreover 
the plastic collapse load was found to be very similar to the simple reference load 
identified in this chapter as the correct plastic collapse load for all bracket geometries. 
Even though the materially nonlinear analysis was the most difficult to “get 
right”, the end result was found to be very simple. The failure load can be calculated 
very easily by using the simple reference load (Eq. 4.10), which assumes a fully 
plastic membrane behaviour satisfying von Mises criterion all around the bracket. 
A further study explored the use of elastic analysis to obtain a conservative 
estimate of the plastic collapse load.  Three different criteria were used as possible 
ways of estimating plastic collapse.  It was found that, for this problem, all three 
criteria led to very conservative (it may be suggested that these are unacceptably 
conservative) estimates of the true plastic collapse load. 
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5 Geometrically nonlinear analysis  
5.1 Introduction 
The analyses described in the previous chapters have focused on linear elastic 
bifurcation and plastic collapse.  These two types of analysis are extreme cases of the 
failure load – the linear elastic bifurcation load and the plastic limit load usually 
provide an envelope within which the more sophisticated analyses should lie.  
In this chapter the effects of geometric nonlinearity and imperfection sensitivity 
are explored.  To explore the effect of geometric nonlinearity, the material was kept 
elastic (with E=200,000 N/mm2 and ν=0.3), but large displacement theory was used.   
For the studies of imperfection sensitivity, different forms of geometric imperfection 
are investigated.  
This kind of analysis, involving large displacement theory, leads to complicated 
equations and the behaviour is very difficult to explore analytically, so established 
numerical solutions were used to verify the finite element discretisation. 
The definition and the challenges in identifying what is to be regarded as 
buckling and when this occurs will be described.  In particular there is a considerable 
challenge in deciding what to define as failure, in conditions where neither a 
bifurcation nor a limit load is reached as a consequence of pre-buckling deformations. 
It is commonly assumed that geometric nonlinearity does not have a very 
significant effect on the buckling load of most perfect shell structures in causing 
strength reductions below the linear bifurcation analysis, save in conditions where 
snap-through may be expected.  Thus, nonlinear geometric effects account for a 
reduction in the bifurcation buckling strength of typical axially compressed perfect 
cylinders of the order of 15% (Yamaki, 1984), but these effects are very important in 
the snap-through buckling of very shallow spherical caps (Kaplan, 1974) 
On the other hand, it is commonly presumed that where geometric imperfections 
occur in an imperfection sensitive shell structure such as a cylinder under axial 
compression, they will lower the buckling load significantly.  It will be shown here 
that these common assumptions do not provide an accurate or correct picture of the 
failure condition for the bracket supported cylinder, and the conclusions drawn from 
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this study may well be relevant to many other shell structures that are subject to 
relatively local loading or local membrane stress concentrations.  
The first part of this chapter describes geometrically nonlinear buckling without 
imperfections, to study the effect of the geometric nonlinearity alone. An extensive 
verification of the chosen element was undertaken, as it had been found in the 
Chapter 4 that not all elements provided by ABAQUS (HKS, 2003) are suitable for 
every analysis. The boundary conditions were examined carefully to ensure that the 
choice of an eighth of the silo with symmetry conditions is still valid.  For the 
verification of the mesh a well established numerical solution for a cylindrical shell 
with a weld imperfection Type A was used (Rotter and Teng, 1989).  An overview is 
given of the shape and the location of the buckle for different geometries and the 
change with geometry.  The load deflection paths are described and a close look is 
taken into the contribution of geometric nonlinearity to the buckling load, by making 
a comparison with the linear bifurcation load. 
In the second part of this chapter, geometric imperfections are explicitly 
modelled using different imperfection shapes and amplitudes for one example 
geometry of the target problem.   
5.2 Verification of the numerical model 
5.2.1 Choice of element 
As the choice of element was a challenge in the materially nonlinear analysis, all 
suitable elements were tested first. The meshes were all constructed in exactly the 
same way and had the same number of elements.  
The first mesh tested was formed from 8- node thin shell elements (S8R5) for 
the shell and 8-node thick shell elements (S8R) for the bracket.  
The second mesh was constructed from 4-node general purpose elements (S4R), 
whilst the third mesh tested was formed only from thick shell elements (S8R).  This 
third mesh, consisting of only thick shell elements S8R, failed to converge at any 












0 0.0002 0.0004 0.0006 0.0008 0.001
dimensionless vertical deflection at the 

















Figure 5.1: Load deflection path for different elements 
 
The fourth and final mesh was formed from a combination of 4- node general 
purpose elements (S4R) and 8- node thick shell elements (S8R). This mesh was the 
same as the mesh used and verified for the materially nonlinear analysis (MNA).  
By contrast with the materially nonlinear analysis, where the correct choice of 
element was vital, the choice of element does not make a significant difference to the 
outcome of a geometrically nonlinear analysis (Figure 5.1). Since all the meshes with 
different elements resulted in the same load deflection path and the same buckling 
load, the most suitable elements can be adopted.  
The mesh with the 8-node thin shell element (S8R5) was ruled out because it 
required extensive computing time and the result produced by this mesh could not be 
compared directly with the result of the materially nonlinear analysis since this thin 
shell element (S8R5) had convergence difficulties in the materially nonlinear 
analysis. 
The mesh devised using the general purpose element S4R provided a fast and 
accurate result for the geometrically nonlinear elastic analysis, but as described in 
Chapter 4, it did not produce an accurate result for the materially nonlinear analysis. 
Therefore the same mesh as in the materially nonlinear analysis, formed using a 
mixture of general purpose elements (S4R) and thick shell elements (S8R) was 
chosen for this investigation. This choice had the great advantage that it could also be 
relied on for the combined GMNA analysis, where the results of both GNA and 
MNA would be special cases. 
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5.2.2 Convergence study 



























Figure 5.2: Convergence study 
The difference in the predicted bifurcation load from the coarsest to the finest 
mesh was about 1%, and convergence was therefore very well established. 
5.2.3 Refined arc length control 
For geometrically nonlinear analysis, the modified Riks algorithm was used 
(further information can be found in Chapter 1). The automated arc–length control 
implemented in the Riks algorithm is usually chosen to be calculated automatically 
in ABAQUS (HKS, 2003).  This algorithm is automatically invoked because, for 
most problems that are highly nonlinear, it reduces the computing time significantly 
while still providing accurate solutions.  
But when a load deflection path changes direction very sharply, as is commonly 
the case for a bifurcating shell under axial compression, the automated arc length 
control can easily miss the peak of the curve, which is the desired buckling load 
(Figure 5.3).  This problem can be overcome by replacing the automated (and 
ABAQUS recommended) arc-length control with a user defined restricted arc-length 
control, where the maximum load increment is restricted to a very small value. In 
this thesis, this restricted arc-length control has been used in combination with the 
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Figure 5.3: close up view of load deflection path showing poor estimate when automatic arc 
length control is used 
 
The analysis is first calculated with automated arc-length control and the 
“complete” load displacement curve determined. The curve is examined and the 
approximate position of any bifurcation event determined. The analysis is then 
restarted at a point well before the expected buckling event using the “restart” 
command, and this second analysis is conducted using restricted arc-length control. 
Another analysis is then performed to read the results out of the restarted file and 
start the analysis from the point where the other analysis stopped with restricted arc- 
length control. This is an extremely time consuming task, because very small load 
increments must be chosen to capture the very sharp change in direction that often 
occurs in the load deflection path for bifurcating cylinders.  
It has been suggested (Teng and Song, 2001) that the use of restricted arc-length 
control can lead to significant changes in the calculated buckling behaviour. The 
conclusion of this publication was that a bifurcation point might be missed when the 
automated arc-length control is used. This phenomenon has not been found in this 
investigation, but careful checks were performed to ensure that no bifurcation point 
was missed during the analysis.  
 
On the contrary, throughout this study it was found that restricted arc-length 
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control was needed in the case of geometrically nonlinear analysis to obtain an 
accurate estimate of the bifurcation buckling load.  
 
5.2.4 Boundary conditions 
To ensure that the assumption of symmetry is still valid for a geometrically 
nonlinear analysis, the whole shell (360º and 4 bracket) was compared to an eighth of 
the shell (45º and half of one bracket). In both analyses almost the same buckling 
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Figure 5.4: Comparison of the load deflection with different elements 
 
But while the unstable post-buckling path coincides for the two models until the 
post-buckling minimum of the one eighth model of the shell, the whole shell model 
continues on the unstable post-buckling path for longer and moves then to a different 
stable path again.  This difference was not considered to be critical in this 
investigation, since the divergence of these post-buckling paths is notoriously 
sensitive to small perturbations (Yamaki, 1984) and the target information is the 
bifurcation load itself. 
5.2.5 Benchmark test 
A geometrically nonlinear analysis is difficult to calculate analytically, so an 
established numerical problem was used as a benchmark test. The benchmark test 
chosen was a shell with weld imperfection Type A as described in Rotter and Teng 
(1989), which has been used by many other investigators to benchmark their 
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Figure 5.5: Shape of the weld imperfection 
 
The shell with weld imperfection analyzed for the benchmark test had a 
thickness t=1, radius to thickness ratio of r/t=1000 and a height of H/r=3. The 
amplitude of the weld imperfection chosen was δ/t=1 (Figure 5.5).  
The 4- node general purpose element was used in this benchmark test, since it is 
the element which produced an inaccurate result in the materially nonlinear analysis. 
Furthermore it has been shown that different elements provide exactly the same 
result for the bracket supported shell for the geometrically nonlinear, elastic analysis. 
The numerical analyses of the shell showed the same buckling deformations as 
described in the work of Rotter and Teng (1989) with 18 waves around the 
circumference (Figure 5.6) and a meridional buckle length as described by Rotter 
(2004) for the imperfection amplitude δ/t=1. 
The dimensionless failure load was calculated to be ( ) 0.318x clP tσ = , which 
compares to the result of Rotter and Teng (1989) of ( ) 0.306x clP tσ = .  
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a) circumferential waves b) axial wave c) axial wave close up view 
Figure 5.6: Deformed shape of the cylinder with weld-depression after buckling 
 
The failure load calculated in this investigation using the finite element program 
ABAQUS is 3.8% higher than Teng and Rotter’s result. This can be regarded as only 
a slight deviation since a different program and different elements were used to 
calculate the shell with weld imperfection numerically. Therefore the element has 
adequately performed in this benchmark test.  
5.3 Geometrically nonlinear analysis without 
imperfections (GNA) 
5.3.1 Introduction  
The geometrically nonlinear analysis (GNA) is a complicated analysis, using 
large displacement theory and elastic material. The pre-buckling deformations and 
stresses play a significant role in the buckling behaviour and will, by contrast with 
the linear bifurcation analysis, not necessarily give a failure load (Rotter, 2002). 
Therefore, depending on the geometry, the buckling mode might change completely 
and unexpectedly.  
Another challenge is the identification of the buckling mode, since it cannot be 
obtained as easily as in the linear bifurcation analysis, since pre-buckling 
deformations are present. This leads to the need to make a clear distinction between 
three deformation modes: the bifurcation mode, the nonlinear incremental buckling 
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mode and the deformed shape at buckling.  
The range of geometries investigated consisted of three different radius to 
thickness ratios to capture the behaviour pattern for thin, medium and thick shells 
(r/t=1000, 600 and 400). The dimensionless height of the brackets ranged from 
1 < h rtΛ =  < 7 and the dimensionless width from 0.25 < d rtΓ =   < 1.25. 
5.3.2 Deformations and buckling modes  
5.3.2.1 Deformed shape vs. buckling mode (linear and 
nonlinear) 
After confirming that the mesh and element are suitable for geometrically 
nonlinear elastic analysis, a closer look into the behaviour of the bracket supported 
shell in this analysis is undertaken here. In a geometrically nonlinear analysis, the 
pre-buckling deformations can be of great significance to the buckling behaviour. In 
the case of the bracket supported shell, the most important pre-buckling deformations 
can be found in the compression zone above the bracket. The cylinder flattens there 
(Figure 5.7a) due to the compression above of the bracket. These pre-buckling 
deformations extend far above the bracket. The deformed shape after buckling 
naturally includes these pre-buckling deformations and therefore great care must be 
taken in describing the buckling mode.  
  
a) pre-buckling deformation, 
deformation factor = 35 
b) post-buckling deformation, 
deformation factor = 35 
Figure 5.7: Deformation just before and just after buckling in geometrically nonlinear 
elastic analysis and resulting incremental buckling mode 
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Therefore three different deformation modes will be shown: pre-buckling 
deformations, post-buckling deformations and the incremental buckling mode, which 
does not include pre-buckling deformations. 
The pre-buckling deformed shape (Figure 5.7a) shows an enlarged flattened 
zone above the bracket, which leads to a lower curvature which is principally 
responsible for the reduction in buckling strength. It should be noted that the 
bifurcation buckling strength of an axially compressed shell varies approximately 
linearly with the shell curvature. 
When the linear bifurcation mode (Figure 5.7d) is compared with the post-
buckling deformed shape (Figure 5.7b), it is clear that both shapes feature a dimple 
just above the bracket. But the post-buckling deformed shape (Figure 5.7b) naturally 
shows the flattening above the bracket due to the pre-buckling deformations (Figure 
5.7a). To see what changes are occurring at the instant of bifurcation from the 
nonlinear deformed shape it is necessary to exclude the pre-buckling deformations 
and determine what small changes occur at the bifurcation load.  This leads to the 
incremental buckling mode (Figure 5.7c).  The nonlinear incremental buckling mode 
is the change of shape of the deformation in a small deformation step at the 
bifurcation point. 
This mode has not been widely discussed for cylinders because most studies 
have focussed on uniformly loaded shells in which the pre-buckling deformations are 
symmetric to the shell axis, making a strong contrast with the unsymmetrical 
bifurcation deformations (Yamaki, 1984).  However, under local loads and local 
stress concentrations, the incremental mode defines the manner of the bifurcation 
departure from the primary path, even though components of the bifurcation mode 
are present in the primary path deformation mode.  
To extract the nonlinear incremental buckling mode (Figure 5.7c), the pre-
buckling (Figure 5.7a) deformations just before buckling must be subtracted from the 
post-buckling deformations (Figure 5.7b) just after buckling. 
The shape and location of the GNA nonlinear buckle (Figure 5.7c) is 
significantly different from the linear bifurcation mode (Figure 5.7d).  
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c) nonlinear incremental bifurcation  
mode deformation factor = 70 d) linear bifurcation mode  
Figure 5.7: Nonlinear and linear buckling mode (close up view) 
5.3.2.2 Location of the buckle 
In the linear bifurcation analysis (LBA) (Chapter 3) it was found that the 
location of the buckle stayed at almost the same distance above the bracket for a 
fixed r/t-ratio for most bracket dimensions. Therefore a closer look was taken at the 
location of the incremental buckling mode in a geometrically nonlinear analysis. The 
location of the buckle did not stay the same, but moved further away from the 
bracket as the bracket width increased (Figure 5.8) and as the bracket height 
increased (Figure 5.9). This set of geometries is representative of all the tested 
geometries. 
  
Γ=0.25 Γ=0.50 Γ=1.00 Γ=1.25 
Figure 5.8: Location of the incremental nonlinear buckling mode (Λ=5, r/t=600) 
The trend for the buckle to move further away from the bracket with increasing 
height and width of the bracket might be caused by two factors. When the bracket 
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becomes bigger, it acts in a manner similar to a fixed support of a column under axial 
compression. The similarity becomes more pronounced as the bracket is made bigger. 
  
Λ=1 Λ=2 Λ=5 Λ=7 
Figure 5.9: Location of the incremental nonlinear buckling mode (Γ=1.25, r/t=600) 
 
The second reason is the flattening of the cylinder above the bracket (Figure 
5.10). When the pre-buckling deformed shape just before buckling is examined 
(Figure 5.10) in the context of the location where the incremental buckle will form 
(red dots in Figure 5.10), it becomes clear that the incremental buckling mode will 
form at the location where the bending around the circumferential and vertical axis 
loses its influence and the cylinder becomes very flat (low curvature). 
  
Λ=1 Λ=2 Λ=5 Λ=7 
Figure 5.10: Pre-buckling deformed shape and indication of the location of the incremental 





5.3.3 Load deflection curves and failure loads 
5.3.3.1  Definition of buckling 
The term buckling is commonly used rather loosely. In principal, there are really 
two types of buckling response: bifurcation buckling and limit point buckling. 
Bifurcation buckling occurs when the primary equilibrium path intersects with a 
secondary equilibrium path causing a rapid change of shape of the structure (Figure 
5.11). When limit-load (or snap-through) buckling occurs, the buckling load is taken 
as the maximum load achieved before the load carrying capacity decreases (Figure 
5.11). It is also possible that both a limit load and a bifurcation buckle can occur on 
the same path (Figure 5.11). Failure is then defined as the first critical point: either a 
limit load or a bifurcation. Therefore the load deflection path was monitored to find 
the limit load, but it was also checked at every load increment to see if any negative 
eigenvalues appeared, since the presence of a negative eigenvalue is an indication 
that a critical point (bifurcation point or limit point) has been passed.  
In the case of the geometrically nonlinear analysis and within the scope of the 
geometries investigated in this section, only limit point buckling was encountered.  













Figure 5.11: Failure criteria used for the geometrically nonlinear elastic analysis 
 
Problems in identifying the buckling load arise when no limit point or 
bifurcation point can be detected (tangent stiffness matrix stays positive throughout 
the analysis). Within the scope of this investigation, this phenomenon occurred only 
for shells with very small brackets (both in height and in width) (Figure 5.12, r/t=400, 
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Figure 5.12: Load deflection curves without bifurcation or limit points 
 
For these very narrow and short brackets, the slope of the equilibrium path 
(Figure 5.12) slowly decreases, but there is a clear, abrupt change from the pre-
buckling path to the post-buckling path where a “buckling” event might have 
occurred (Figure 5.12). But the tangent stiffness matrix stays positive and therefore 





































































Figure 5.13: Load deflection curves (r/t=400, Λ=2) 
 
When the equilibrium path ( h rtΛ = = 2, Figure 5.12) is set into context with 
load deflection curves belonging to geometries with the same radius and height, but 
varying widths (Figure 5.13), the point in the load deflection curve where the 
previously shown equilibrium path has a decreasing slope is also the point where a 
buckle would have been expected. A very careful analysis was performed for these 
geometries using very small increments in the modified Riks algorithm to ensure that 
no bifurcation point or limit point could have been missed due to large load 
increments. 
When no buckling can be located, a maximum permitted deflection could be 
used as a failure criterion. The maximum allowed displacement is recommended as a 
 195
failure criterion in the Eurocode (EN1993-1-6, 2006), which defines the maximum 
displacement as the maximum allowed local rotation of 0.1 radians, where the 
maximum rotation can occur anywhere in the shell. Gillie et al. (2002) on the other 
hand proposed to use a maximum allowable rotation of the bracket, but the bracket in 
the present study has been constrained against rotation and therefore the rotation of 
another point is required.  
But since the failure load in a geometrically nonlinear analysis (GNA) will be 
needed in order to calculate the necessary value of the elastic imperfection sensitivity 
factor α (Chapter 6), a technique was developed to approximate this failure load by 
introducing a small disturbance in the material using the geometrically and materially 
nonlinear analysis (GMNA) with increasing yield stress. With increasing yield stress 
the material nonlinearity will lose influence in the geometrically and materially 
nonlinear analysis and the geometric nonlinearity will dominate and will therefore 
approach the result of a geometrically nonlinear elastic analysis, but it may still 
produce enough of an imperfection to provoke buckling. Another advantage of using 
this technique is that the variation of yield stress is later required to obtain capacity 
curves (Chapter 6) and therefore no additional work is involved as long as a capacity 
curve is desired.  
For illustration purposes, an example with the dimensions of r/t=400, 
h rtΛ = = 1 and d rtΓ = =0.25 has been chosen, since for this geometry no 
buckling occurred during the GNA analysis (Figure 5.12). When the inverse of the 
yield stress is plotted against the failure load for this example geometry from a 
geometrically and materially nonlinear analysis (GMNA) (Figure 5.14a), the failure 


















Figure 5.14: GMNA analysis with increasing yield stress 
 
Hence when the plateau occurs the material nonlinearity has lost its influence to 
such an extent that the global failure is not influenced by it anymore. There is still 
yielding at the corners of the bracket, but it is very localized and does not influence 
the global behaviour. 
The failure load extracted from Figure 5.14 can then be considered to be a good 
approximation to the geometrically elastic nonlinear analysis (GNA).  
This is a more satisfying way of defining the failure for these structures since the 
change from bifurcation to a rather arbitrary limiting surface rotation can lead to a 
big change in the assessed strength for a very small change of geometry, which is 
clearly an unsatisfactory situation in practical terms. 
5.3.3.2 Load deflection curves and failure loads 
Within the scope of this study, three different radius to thickness ratios were 
investigated (r/t=400, 600 and 1000) to cover the whole spectrum from thick to thin 
shells. The thickest shell previously analysed (r/t=200) was excluded from this study 
since the geometrically nonlinear analysis (GNA) did not show buckling phenomena 







































































a) d rtΓ = =0.75 b) h rtΛ = =5 
Figure 5.15: Load deflection curves for(r/t=400) 
 
An example set of load deflection curves (Figure 5.15) gives an overview of the 
general behaviour found. This example has a radius to thickness ratio of r/t=400. The 
other geometries with larger radius to thickness ratios (r/t=600, 1000) showed very 
similar behaviour. 
For both a narrow bracket (Fig. 15a) and a short bracket (Fig. 15b) the load 
displacement path shows a strong bifurcation followed by a steeply descending path, 
as is commonly found for uniformly compressed cylinders.  As the height or width 
are decreased, the failure load decreases (Figure 5.15a and b), but the steeply 
descending post-buckling path is steadily weakened until it becomes a mere blip, and 
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Figure 5.16: Variation of the dimensionless failure loads RGNA/(σcl t) with the dimensionless 
half width of the bracket Γ 
 
When the height of bracket rises, the proportion of the applied load transferred 
as compression above the bracket is reduced. This compression causes the cylinder to 
buckle. Therefore a higher load on the bracket is needed to cause the cylinder to 
buckle when the height rises. The dimensionless failure loads (Figure 5.16) vary 
almost linearly with the dimensionless width of the bracket. The best approximation 
to a linear function can be made for a tall bracket ( h rtΛ = =5, 6 and 7), but the 
approximation loses it accuracy when the height of the bracket decreases. It should 
be noted that the variation of the dimensionless failure load (RGNA/(σcl t)) has very 
similar pattern for all radius to thickness ratios. 
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A simple approximation could be given for the variation of the dimensionless 
nonlinear bifurcation load RGNA/(σcl t) with the dimensionless bracket half width Γ 
and the dimensionless bracket height Λ. However, this would be based on a limited 
range of geometries and does not fit with the philosophy of EN1993-1-6 (2006)  
When the dimensionless failure loads are varied with the height of the bracket a 
linear approximation can be achieved within reasonable limits. An example of the 
stress pattern developing in the shell can be found in (Chapter 2). 
5.3.4 Influence of the geometric nonlinearity  
To explore the effect of geometric nonlinearity in detail, the buckling load 
obtained from the geometrically nonlinear analysis was compared to the linear elastic 
bifurcation load (LBA) in terms of the elastic imperfection sensitivity factor α, even 
though there is no imperfection present here.  
 GNA LBAR Rα =  (5.1) 
The cylinders investigated had radius to thickness ratios of r/t=400, 600 and 
1000 and a thickness of one unit. These were chosen to include both thin shells and 
thick shells. The dimensionless height of the bracket varied as 1 < h rtΛ =  < 7 and 
the dimensionless half width of the bracket varied as  0.25 < d rtΓ =  < 1.25. 
It may be noted that in uniformly compressed cylinders, geometric nonlinearity 
leads to a strength reduction of typically 8 to 15% (Yamaki, 1984). However in the 
case of a bracket supported shell, the geometrically nonlinear effect reduces the 
buckling load significantly, especially for small (short and narrow) brackets (Figure 
5.17). The reduction of the bifurcation load due to geometrically nonlinear effects 
ranges from about 20 to 40%. The larger magnitude of this reduction can be 
explained by the highly nonlinear stress distribution during pre-buckling and the 
consequent flattening effect of the cylinder above the bracket. The largest reduction 
can be seen for very narrow and short brackets as the flattening above the bracket is 
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Figure 5.17: α=RGNA/RLBA vs. Г(r/t=1000) 
 
The ratio α of the nonlinear elastic buckling load (RGNA) to the linear elastic 
buckling load (RLBA) does not follow an obvious pattern as the geometry of the shell 
and bracket are changed.  For all the geometries investigated, this ratio α varies 
between 0.604 and 0.833 (Table 5.1). The value of α (Figure 5.17) does not change 
significantly with the width of the bracket. In fact the maximum difference 
encountered for all the geometries in this investigation between the highest and the 
lowest value of α for any fixed r/t ratio and fixed height is only 15.5%. Therefore the 
influence of geometric nonlinearity does not appear to change significantly when the 
width of the bracket is varied.  
In general it can be said that as the bracket becomes taller, the ratio α becomes 
higher. But this is not true for all the geometries (Figure 5.18). For very small 
brackets (both in height and in width), the taller bracket has a lower ratio α. This was 
only encountered for very small brackets. On the other hand the value of α stays 
almost constant for tall brackets ( h rt  = 5, 6 and 7).  This leads to the conclusion 
that the influence of geometric nonlinearity does not change for tall brackets and that 
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Figure 5.18: α=RGNA/RLBA vs. Λ (r/t=1000) 
 
The influence of geometric nonlinearity decreases as the radius to thickness ratio 
increases (Figure 5.19), because the flattening of the shell above the bracket becomes 
less significant before buckling. That is to say, buckling occurs when the pre-
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Figure 5.19: α=RGNA/RLBA vs. r/t (Λ=7) 
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               Г  Λ      
0.25 0.50 0.75 1.00 1.25 
1 0.698 0.653 0.623 0.607 0.604
2 0.668 0.638 0.622 0.620 0.634
5 0.704 0.691 0.698 0.720 0.700
6 0.725 0.714 0.729 0.714 0.700
r/t=400 
7 0.745 0.735 0.727 0.710 0.697 
1 0.709 0.665 0.637 0.623 0.624
2 0.686 0.656 0.643 0.644 0.669
5 0.754 0.752 0.777 0.737 0.734
6 0.784 0.794 0.761 0.744 0.736
r/t=600 
7 0.787 0.774 0.756 0.743 0.736 
1 0.719 0.673 0.649 0.640 0.648
2 0.704 0.675 0.668 0.669 0.719
5 0.833 0.822 0.797 0.783 0.779
6 0.833 0.814 0.796 0.785 0.773
r/t=1000 
7 0.821 0.805 0.791 0.775 0.759 
Table 5.1: Summary of all α- values 
 
5.3.5 Summary 
Geometrically nonlinear effects, as found using a geometrically nonlinear elastic 
analysis (GNA) lead to significantly reduced buckling loads in bracket supported 
shells. This is caused by the flattening of the shell above the bracket, causing a larger 
effective radius of curvature at the buckle location which leads to reduced buckling 
strengths. The strength reductions for brackets range between 16.7% and 39.6% and 
are much larger than those for uniformly stressed cylinders of about 15% (Yamaki, 
1984). In general the reduction is roughly constant as the dimensionless width of the 
bracket is changed. It increases with decreasing dimensionless bracket height and 
with decreasing radius to thickness ratio for the range of geometries investigated. 
This statement is not precisely accurate for all of the geometries investigated, but is 
the dominant trend. 
The most significant loss of strength can be found for thick shells and small 
brackets (both in height and in width). Therefore one might think that very small 
brackets and very thick shells would show the greatest loss of strength. But these are 
exactly the geometries which do not display buckling any more, but instead have a 
positive tangent stiffness matrix throughout.   
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This leads to the major question of how to define failure in a geometrically 
nonlinear elastic analysis (GNA) when no buckling occurs any more, but a 
geometrically and materially nonlinear analysis (GMNA) might display buckling for 
exactly the same geometry. The concept adopted here is to use a geometrically and 
materially nonlinear analysis (GMNA) to determine failure, but instead of using a 
realistic yield stress, a very much higher yield stress should be used. This procedure 
will approach the geometrically nonlinear elastic analysis when the yield stress is 
high enough. The result of the analysis with the highest yield stress, where buckling 
still occurs, may usefully be taken as the failure load of the geometrically nonlinear 
elastic analysis.  
The uniformly compressed cylinder is a commonly used example of shell 
buckling, but in reality shells are quite rarely just uniformly compressed. Instead the 
shell will have regions of highly non-uniform stresses (e.g. where the supports of the 
shell are placed) and will therefore perform very differently from a uniformly 
compressed cylinder. 
For exactly this reason, the bracket supported shell provides a very good 
example for many other shell problems in which local loads cause a flattening of the 
wall in the zone where the buckle will form, since they are prone to behave in the 
same manner. This makes the geometrically nonlinear elastic analysis (GNA) a more 
important analysis here than it is for uniformly stressed cylinders.  
5.4 Geometrically nonlinear analysis with 
imperfections (GNIA) 
5.4.1 Introduction 
The buckling strengths of shells are known to be very imperfection sensitive 
under many circumstances. In the case of a uniformly compressed cylinder, the 
introduction of a small local geometric imperfection can lead to a reduction of the 
buckling load by up to 80% (Rotter, 2004) and contributes much more to the 
reduction of the buckling load than geometric nonlinearity, which only leads to a 
reduction of around 15% (Yamaki, 1984) 
The literature (e.g. Yamaki, 1984; Rotter, 2004) provides many different 
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proposals for serious forms of imperfections. The imperfections can be of a 
geometric or material nature (EN1993-1-6, 2006).  
Geometric imperfections recommended by different authors for use in design 
calculations may include the first eigenmode from a linear bifurcation analysis, the 
deformed shape from a geometrically nonlinear elastic analysis and different types of 
weld-imperfection (Rotter, 2004). Material nonlinearity was omitted in this part of 
the study to explore the effect of combined geometric nonlinearity and geometric 
imperfections.  
The greatest challenge for any analysis that includes geometric imperfections is 
to decide which imperfection might be the appropriate imperfection for a certain 
problem. The “worst” imperfection (i.e. imperfection which leads to the lowest 
failure load) is usually considered to be the appropriate one. While this assumption is 
always on the safe side, it always holds the uncertainty that another imperfection 
may exist that could lead to a worse outcome, and the possibility that this worse 
imperfection could possibly arise in the fabrication process. On the other hand the 
“worst” imperfection of all might well be quite unrealistic, leading to very 
uneconomic designs if implemented (Rotter, 2004). At the same time the “worst” 
imperfection consists out of one specific imperfection shape and the corresponding 
imperfection amplitude, which means that a certain imperfection shape might only 
produce low failure loads for certain amplitudes and another imperfection shape 
could take over as the “worst” imperfection shape for other amplitudes. 
In the case of a bracket supported shell, it is clear that a serious imperfection will 
be in the compression zone above the bracket, since high compressive stress 
concentrations only appear there. In general the first eigenmode imperfection is 
recommended (EN1993-1-6, 2006). As shown in Chapter 3, the first eigenmode 
produces a buckle just above the bracket and was therefore the first geometric 
imperfection investigated here. On the other hand, the imperfection should also 
introduce flattening of the shell above the bracket since it was shown that this is the 
dominant factor in the reduction in strength below the linear bifurcation load. 
Consequently imperfections which already introduce flattening above the bracket 
might have a greater effect.  
After the decision is made on which form of imperfection to use, it is necessary 
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to decide what amplitude to use. For most shell buckling problems, the buckling load 
decreases with the amplitude of the imperfection. This idea was used as a basis for 
the investigation of the imperfection sensitivity in a geometrically nonlinear elastic 
analysis.  
This section describes only an example geometry, but a greater range of 
geometries are investigated in Chapter 7.  The example shell has the geometry 
r/t=600, h/r=0.12, h/d=3 and t=1. 
 
5.4.2 Imperfection sensitivity of the example geometry 
5.4.2.1 Shapes of the imperfections introduced 
To explore the influence of imperfections on the buckling behaviour of the 









Figure 5.20: Load stages for corresponding imperfection shapes in Figure 5.21 
 
The shape of the first eigenmode from a linear elastic analysis (Figure 5.21a) 
(LBA) was investigated since it is commonly recommended in the literature (see 
Chapter 1). From a geometrically nonlinear elastic analysis, four different deformed 






a) LBA b) Lowest point of post- 
buckling (e in Figure 5.20) 
 
   
c) Low load level 
 (b in Figure 5.20) 
d)Well before buckling 
 (c in Figure 5.20) 
e)At buckling  
(d in Figure 5.20) 
Figure 5.21: Different shapes of geometric imperfections  
 
Two deformed shapes were taken well before buckling (b and c in Figure 5.20), 
another shape was taken just at the point of buckling (d in Figure 5.20) and the fourth 
deformed shape was taken at the lowest point of the post-buckling curve (e in Figure 
5.20). The different imperfection forms are shown in Figure 5.21. 
The shape of the first eigenmode (LBA) and the deformed shape at the lowest 
point on the post buckling path (Figure 5.21 a and b) both display a clear dent, but 
with different shapes and position above the bracket. The deformed shapes well 
before buckling (Figure 5.21c and d) and at buckling (Figure 5.21e) display a 
flattening of the cylinder above the bracket. The flattening is more pronounced for 
the deformed shape at buckling.  
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5.4.2.2 Influence of the imperfection to the buckling load 
The results of geometrically nonlinear elastic analyses, including explicit 
geometric imperfections in the five forms identified above (GNIA) are shown in 
Figure 5.22 for a substantial range of imperfection amplitudes. 
It is commonly assumed that a geometric imperfection lowers the buckling load 
considerably relative to the strength of the perfect shell.  In this case, the buckling 
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Figure 5.22: Imperfection sensitivity for different imperfections 
Using the first eigenmode from a linear analysis, the buckling load is not 
reduced, but increases instead. No amplitude achieves a lower buckling load than is 
seen for the perfect shell in the case of the linear eigenmode imperfection. The 
failure load rises until an imperfection amplitude of δ0/t=0.25, but decreases then to a 
level at about 9% higher than the bifurcation load of the perfect shell. While buckling 
could be obtained for this imperfection shape up to an imperfection amplitude of 
δ0/t=1, no buckling could be found for an amplitude of δ0/t=1.5.  
The imperfection in the from of the deformed shape of lowest post-buckling 
point initially also shows a decrease in the buckling load up to a imperfection 
amplitude of δ0/t=0.3 to 81% of the strength of the perfect shell (Figure 5.23), but 
from a imperfection amplitude δ0/t=0.4-1 no buckling could be detected anymore. 
While the strength of the structure steadily decreases up to δ0/t=0.3, the pre- buckling 
path becomes even more nonlinear and the difference between limit point and post- 
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buckling minimum decreases with increasing imperfection amplitude. As a 
consequence, for an imperfection amplitude of δ0/t=0.4, no buckling can be detected 
anymore, but a clearly defined change in the curvature of the load deflection curve 
can be observed (Figure 5.23). From an imperfection amplitude of δ0/t=1.078 a new 
buckling mode develops and the strength of the silo is increased above the strength 
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Figure 5.23: Close up of load deflection path of GNIA (imperfection shape=deformed shape 
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Figure 5.24: Load deflection path of GNIA (imperfection shape=deformed shape at the 
post- buckling minimum of GNA analysis, r/t=600, h/r=0.12,h/d=3) 
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The imperfections which cause flattening above the bracket do have the 
expected effect of reducing the failure load of the perfect shell.  
The failure load was reduced in this case by 15.5% at δ0/t=1 and the decrease 
continued up to a value of 28.5% for an imperfection amplitude of 3.25. After this 
amplitude no buckling could be observed anymore.  
The other two imperfection forms that used the deformed shape well before 
buckling and at a low load level show similar, but not such pronounced results.  
The rise in the failure load for an imperfection in the form the linear eigenmode 
seem to be very odd at first glance, since imperfections are supposed to lower the 
buckling load of a perfect shell. But in this case these imperfections hinder the 
development of pre-buckling deformations seen in the perfect shell. In particular 
these imperfections hinder the flattening of the shell above the bracket, which leads 
to a reduction of curvature of the cylinder. Consequently the failure load is increased.  
The imperfection form of the deformed shape of a GNA analysis at the post- 
buckling minimum includes extensive flattening (Figure 5.21b) as well as the buckle. 
The flattening of the shell is dominating the strength of the imperfect shell for small 
imperfections until no buckling can be detected anymore due to the extensive pre- 
buckling deformations and the load deflection path is steadily rising. A second limit 
point appears for larger imperfection amplitudes which leads to an increase of 
strength compared to the perfect structure. 
The initial drop followed by a rise in the imperfect nonlinear buckling load leads 
to another problem, since the change of buckling mode occurs at a relatively small 
imperfection amplitude compared with the imperfection amplitude recommended in 
the Eurocode (EN1993-1-6, 2006) of δ0/t=0.98 for Fabrication Quality Class A (the 
best fabrication quality)A, no buckling would be found, but for Class B and C with 
δ0/t=1.57 and 2.46 respectively the strength of the silo would appear to be increased.  
All the imperfection shapes shown above have their maximum deviation 
(imperfection amplitude) directed towards the central axis of the cylinder.  It has 
been recently proposed (Schneider et al., 2005) that outward imperfections might 
cause more serious reductions of strength.  They were therefore tested, but they 
always showed a higher failure load than the imperfections that were inwardly 
directed. The tested amplitudes for the outward imperfections were δ/t=0.1 and δ/t=1. 
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These results show very clearly that great care has to be taken in the choice of 
imperfection shape and amplitude. Furthermore a good understanding of the perfect 




It has been shown for an example geometry that the buckling strength of a 
bracket supported cylinder is not very imperfection sensitive. The most severe 
imperfection is the deformed shape found in a geometrically nonlinear analysis, but 
also this shape of imperfection only leads to a reduction of strength compared to the 
perfect shell of about 30% for large imperfection amplitudes, after which a further 
increase in imperfection amplitude causes the buckling phenomenon to disappear.  
This compares with a reduction of strength of about 80% for a uniformly compressed 
cylinder (Yamaki, 1984).  
The general assumption of the Eurocode (EN1993-1-6, 2006) that the failure 
load generally decreases with an increase in imperfection amplitude was not verified 
in these calculations. The reason for the relative insensitivity of the buckling load to 
geometric imperfections is that when a shell is symmetrical and the pre-buckling 
stresses are symmetrical in the perfect shell, an imperfection changes the 
symmetrical pattern of the perfect shell to an unsymmetrical pattern in the imperfect 
shell, leading to a reduction of the bifurcation load that can be massive. But in the 
case of a bracket supported cylinder, or any cylinder in which the peak compressive 
stresses are rather local, pre-buckling stresses are already highly unsymmetrical and 
therefore lead to big reductions in the nonlinear buckling load when geometric 
nonlinearity is used in the perfect shell, but it makes the shell less imperfection 
sensitive. This result is probably not only valid for the example of the bracket 
supported shell, but may be valid for all shells in which highly non-uniform pre-
buckling stresses occur. 
Not only was the bracket-supported cylinder not very imperfection sensitive, but 
for the most common imperfection shape (the first eigenmode imperfection) it 
displayed the reverse effect.  Instead of lowering the buckling load, this imperfection 
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increased the buckling load. This phenomenon is due to the way that pre-buckling 
deformations influence the buckling behaviour in a geometrically nonlinear analysis. 
As mentioned before, the flattening of the cylinder or reduction of the curvature of 
the cylinder is the dominant factor in the reduction of the buckling load due to 
geometric nonlinearity. When the linear eigenmode is introduced as a geometric 
imperfection, the flattening of the shell is hindered by the imperfection, causing an 
increase in the buckling load. The imperfection shape of the deformed shape at post- 
buckling minimum showed an decrease of strength for very small imperfections 
(19%), but no buckling could be detected for amplitudes in the range of δ0/t=0.4-1. 
The load deflection path still showed a change in curvature at this point, but no 
bifurcation could be detected. From an imperfection amplitude of δ0/t=1.078 a new 
buckling mode appeared, which lead to an increase of strength. 
5.5 Conclusions 
The reduction of strength due to geometric nonlinearity and imperfections have 
similar magnitudes. The maximum strength reduction encountered in the example 
silo due to geometric nonlinearity was about 36% and the maximum reduction due to 
imperfections was about 30%. This is very different from the uniformly compressed 
cylinder, where the strength reduction due to geometric nonlinearity is about 15% 
and due to imperfections up to 80%. 
The difference between the uniformly compressed cylinder and the bracket 
supported shell arises because of differences in the pre-buckling stress and 
deformation states. The uniformly compressed cylinder has a uniform symmetrical 
pre-buckling condition, but the bracket supported shell is already in a highly non-
uniform and unsymmetrical pre-buckling state. When the symmetrical pattern is 
disturbed due to imperfections, the reduction of strength is very significant. Whereas 
the highly non-uniform pre-buckling state of the bracket supported cylinder makes it 
insensitive to imperfections. Nevertheless the nonlinear flattening of the cylinder 
above the bracket does reduce the strength significantly compared to the linear 
eigenvalue analysis.  
A bracket supported shell with a linear eigenmode imperfection  was found to 
have a higher strength than the perfect shell. From the design point of view, this is a 
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disadvantage, since the linear eigenmode imperfection is frequently recommended as 
the imperfection to use if no other imperfection can be justified (e.g. EN1993-1-6, 
2006). The search of the “worst” imperfection is very much a topic for research and 
not for the designer.  
The question therefore arises: how many imperfections should a designer 
consider before deciding which is the worst one, if the recommended imperfection 
leads to a higher strength than that of the perfect shell?  
It has been shown that the imperfection sensitivity does not always comply with 
the ideas about imperfections widely found in the shell buckling literature and used 
in the Eurocode, which indicates a lower strength for deeper imperfections. The 
analysis of an imperfect structure is very time-consuming and a designer cannot 
therefore be expected to explore the imperfection sensitivity in detail, but the 
designer could also over-estimate the strength of the structure by rigidly following 
the current code.   
It is currently therefore a significant research challenge to develop safe 
definitions for imperfection sensitivity, with respect to shape and amplitude of the 
imperfection, for shells that have highly non-symmetric or local loads. Unfortunately, 
there are many practical shell structures in this category. 
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6 Geometrically and materially nonlinear analysis  
6.1 Introduction 
All the analyses described in the previous chapters have been confined by 
special restrictions in order to explore individual features of the problem.  In the 
beginning the linear bifurcation analysis (LBA) was performed, which excluded both 
the geometrical and material nonlinearity and was used to study the pure bifurcation 
behaviour of the structure. The geometrically nonlinear analysis (GNA) explored the 
purely elastic buckling behaviour. The materially nonlinear analysis (MNA) omitted 
the geometrical nonlinearity to investigate pure plastic collapse. Here, geometrically 
and materially nonlinear analysis is used to explore the strength of the perfect 
structure in the light of these earlier individual and simpler estimates of different 
types of failure. 
Bracket supported cylinders display a wide range of failure modes in 
geometrically and materially nonlinear analysis. This ranges from failure similar to 
the plastic collapse seen in the materially nonlinear analysis to almost perfectly 
elastic buckling.  
These different kinds of failure behaviour are all here set into one framework 
corresponding to EN1993-1-6 (2006) and the capacity curves for individual 
structures will be calculated and analysed.  
The second aim of this chapter is to find a suitable design approximation for the 
capacity curves for each radius to thickness ratio, allowing for the two dimensions 
that characterise the bracket. 
The range of geometries investigated consisted of three different radius to 
thickness ratios to capture the behaviour pattern for thin, medium and thick shells 
(r/t=1000, 600 and 400). The dimensionless height of the brackets ranged from very 
short to tall (1 7h rt< Λ = < ) and the dimensionless width from very narrow to 
wide ( 0.25 1.25d rt< Γ = < . ) 
The material behaviour is modelled by an elastic, perfectly plastic von Mises 
model and corresponds to the material model used in the previous analyses (with 
σy=250 MPa, E=200 000 MPa and ν=0.3). 
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6.2 Verification of the mesh and the element 
6.2.1 Choice of element 
The elements chosen for the geometrically and materially nonlinear analysis 
were the general purpose element S4R coupled with the thick shell element S8R, 
since this combination was found to achieve an accurate description of the failure 
behaviour in all the different analyses, whilst other elements failed at one challenge 
or another.   
The outcome of a comparison of different elements is known from the previous 
chapters. The general purpose element S4R performs well as long as plasticity plays 
no role in the failure behaviour. The thin shell element S8R5 displays convergence 
problems when the failure is dominated by the material nonlinearity. Only the thick 
shell element S8R can give a good treatment for highly plastified zones, but it cannot 
model bifurcation.  
6.2.2 Convergence study 































Figure 6.1: Convergence study 
 
The geometrically and materially nonlinear analysis is a combination of the 
materially nonlinear analysis and the geometrically nonlinear analysis and is 
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therefore expected to converge well too.  The convergence study was performed on 
an example problem that involved both plasticity and stability effects (r/t=600, Λ=3, 
Γ=1). The result is shown in Figure 6.1.   
The failure load of a mesh with an infinite number of elements can be extracted 
from the graph by extrapolating the graph towards zero. Even though a very good 
convergence was achieved, the mesh chosen had to have a high number of elements 
due to the connection between the 8-noded and the 4-noded elements close to the 
bracket and the necessity to keep the aspect ratio of the elements at a reasonable level 
(Chapter 4).  The extrapolated result for an infinite number of elements gives a result 
that is only 0.3% below that found with the chosen mesh, which had 11 200 elements. 
 
6.2.3 Boundary conditions 
A model of one eighth of the shell and half of one bracket was used once more 
in this analysis. Previous analyses (Chapter 4 and 5) showed that the use of 
symmetry boundary conditions to simulate the whole shell with four brackets does 
not affect the behaviour of the structure or its failure load. This is demonstrated here 
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6.3 Definition of failure 
6.3.1 General 
The possible failure modes in the geometrically and materially nonlinear 
analysis (GMNA) are essentially the same failure modes described in Chapter 5 with 
the addition of the plastic collapse load as one failure mode (Figure 5.11). In 
summary, failure is defined by the first bifurcation point or the first limit point, 
whichever occurs first or the plastic collapse plateau when no buckling occurs. 
 
Figure 6.3: Failure criteria used for the geometrically nonlinear elastic analysis 
 
6.4 Behaviour of the bracket supported shell using 
the GMNA- analysis 
6.4.1 Incremental buckling modes  
Three different geometries have been chosen here to illustrate the deformations 
and buckling modes. They were chosen to cover the whole spectrum of possible 
behaviour. The thickest cylinder with the smaller bracket is most likely to fail close 
to plastic collapse (r/t=400, Λ=1, Γ=0.25), whereas the thinnest cylinder with the 
largest bracket (both in height and in width) is more likely to fail close to the failure 
load seen in the geometrically nonlinear elastic analysis (RGNA) (r/t=1000, Λ=7, 
bifurcation 
limit point 








 limit and bifurcation point 
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Γ=1.25). The failure behaviour of an intermediate cylinder with intermediate sized 
bracket will lie between these extremes (r/t=600, Λ=5, Γ=0.75). The incremental 
buckling modes of these three geometries show great differences (Figure 6.4). The 
incremental buckling mode is defined as the deformed shape just before buckling 
subtracted from the deformed shape just after buckling. This incremental 
deformation is then due to the buckling phenomenon only without the pre-buckling 
deformations. 
The incremental buckling mode of the thickest shell with the smallest bracket 
(both in height and in width) (Figure 6.4a) is difficult to show since the deformations 
are dominated by plastic deformations around the bracket. Despite the dominant 
plastic deformations, the buckling mode can be seen above the bracket (black 
contour). For the intermediate and the thin cylinders the incremental buckling modes 
can be easily identified, since no very large plastic deformations occur in the 
increment just before and just after buckling. The contour plot was therefore omitted. 
The intermediate cylinder (Figure 6.4b) shows an incremental buckle just above the 
bracket, whereas the incremental buckle of the thin cylinder is located further away 
from the bracket (Figure 6.4b). This phenomenon was also seen in the linear 
bifurcation analysis (LBA). 
   
a) Thick cylinder with 
small bracket (both in 
height and in width) 
(r/t=400,Λ=1, Γ=0.25) 
b) Medium cylinder with 
typical bracket  
(r/t=600,Λ=5, Γ=0.75) 
c) Thin cylinder with large 
bracket (both in height 
and in width) 
(r/t=1000,Λ=7, Γ=1.25) 
Figure 6.4: Incremental buckling modes for three different geometries 
 
The von Mises stress at a load stage just before buckling shows the relative 
  218
importance of plasticity for the different geometries very clearly (Figure 6.5). The 
cylinder with the r/t-ratio of 400, which is the thickest shell investigated in this 
chapter (Figure 6.5a), displays yielding in a large area all around the bracket. The 
extent of the yielded area is less for the cylinder with r/t=600 (Figure 6.5b), 
especially above the bracket. The thinnest cylinder (r/t=1000) shows yielding just on 
the corners of the bracket (Figure 6.5c) due to the stress concentration there and 
underneath the bracket in tension.  
The reason for these different yield patterns is that the first points to yield lie at 
the corners of the bracket due to the stress concentrations there. Even though there 
are stress concentrations at all four corners of the bracket, the areas around the 
corners of the bracket do not start to yield at the same time. The bottom corners are 
the first ones to yield, since the tensile stresses at the bottom are always higher than 
the compressive stresses on the top of the bracket due to the tensile loading at the 
bottom of the cylinder. By the same reasoning, the area at the bottom of the bracket 
starts to yield in tension after the corners, followed by yield in shear at the side of the 
bracket. The last area around the bracket to yield is the top in compression.  
Hence for the thinnest shell (Figure 6.5c), the compressive stress which is 
required for buckling was reached well before yielding could progress very far. 
a) Thick cylinder with small 
bracket (r/t=400,Λ=1, 
Γ=0.25) 
b) Medium cylinder with 
typical bracket  
(r/t=600,Λ=5, Γ=0.75) 
c) Thin cylinder with large 
bracket  
(r/t=1000,Λ=7, Γ=1.25) 




6.4.2 Load deflection curves and failure loads 
Within the scope of this study, three different radius to thickness ratios were 
investigated (r/t=400, 600 and 1000) to cover the whole spectrum from thick to thin 
shells.  
It was expected that thick shells will tend to fail in a mainly plastic manner (like 
a stocky column) and thin shells will fail close to elastic nonlinear buckling (like a 
slender column). 
A few representative examples of load deflection curves are shown here, starting 
with geometries which display a failure load close to the plastic collapse load (Figure 
6.18). The applied load is made dimensionless by using the corresponding plastic 
collapse load MNA) of the same geometry. For all dimensionless heights Λ and the 
dimensionless width Γ=0.25 of the bracket (Figure 6.6), the thickest shell (r/t=400) 
reaches its maximum strength very close to the plastic collapse load. By contrast 
with the materially nonlinear analysis (MNA), the load deflection path does not 
display an extensive plateau, but exhibits a limit point. When the plastic limit relative 
slenderness λp (described in Section 6.5.2) is compared to the dimensionless 
slenderness for each geometry (Figure 6.6) it can be seen that all geometries are well 
within the elastic plastic interaction range, where geometric and material nonlinearity 
both influence the failure behaviour, even though the failure load is close to the 
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For thin shells with a tall bracket (Figure 6.7), the applied load is made 
dimensionless by dividing it by the failure load from a geometrically nonlinear 
analysis (GNA). For these cylinders the failure load is very close to the elastic, but 
nonlinear, buckling load for all the dimensionless widths of the bracket Γ. This is 
confirmed when the dimensionless slenderness is compared to the plastic limit 
slenderness λp. The slenderness ratio  λ/ λp  for these geometries is always around 1.1, 







0.0E+00 2.5E-04 5.0E-04 7.5E-04 1.0E-03










0.25 0.5 0.75 1 1.25
Γ=
 
Figure 6.7: r/t=1000, Λ=7 
 
The two cases shown (Figures 6.6 and 6.7) were the two extreme cases in this 
investigation. The thick shell with a small bracket (both in height and in width) 
(Figure 6.6) had a failure load close to plastic collapse and the thin shell with a large 
bracket (both in height and in width) had a failure load close the elastic buckling load 
(Figure 6.7). The remaining geometries lay between these boundaries.    
As an example of the intermediate range, the radius to thickness ratio of 600 was 
chosen (Figure 6.8).  
For the thin and the thick cylinder it was easy to decide what would be the 
appropriate reference load to make the applied load dimensionless. The decision is 
not so easy for the intermediate shell, since both plasticity and geometric nonlinearity 
will play a role in the failure behaviour. Therefore the reference load was here 
chosen to be 
 ( )1REF MNAR R β= −  (6.1) 
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where RMNA is the plastic collapse load and β is the plastic range factor. 
Choosing this reference load has the great advantage that it displays the closeness of 
the failure behaviour to elastic buckling as well as to plastic collapse. The reference 
load stands for the load in the interaction curve when elastic buckling stops and 
plasticity starts to influence the failure behaviour. The value of the plastic range 
factor β used in this representation is obtained from the interaction curve studies of 
Section 6.5. Therefore, GMNA failure is in context of the capacity curves in the 
elastic plastic interaction range if the ratio of the failure load of the GMNA analysis 
to the reference load is smaller than 1 and in the elastic buckling range if it is larger 
than 1. For intermediate cylinders, the information on how close they are to elastic 
buckling is much more useful, especially when also set into context with the plastic 
limit slenderness λp. 
The two capacity parameters, plastic range factor β and plastic limit relative 
slenderness λp, are taken from Section 6.5, which has not been shown yet. This 
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Figure 6.8: GMNA r/t=600, Λ=5 
 
The example geometries in Figure 6.8 all fail by plastic instability at a limit 
point. The loss of strength after buckling becomes more significant as the bracket 
becomes wider. It should be noted that the load deflection path becomes very 
nonlinear and rounded just before buckling, which indicates that plasticity plays a 
significant role in the behaviour. After buckling a sharp change in the direction of the 
load deflection path can be observed. This contrasts with the load deflection curves 
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observed in the geometrically nonlinear elastic analysis (GNA) of Chapter 5 
The investigated cylinder and bracket geometries show the same overall 
behaviour. The failure load increases with the width and the height of the bracket.  
This increase can be explained by the larger area of the shell that must be 
yielded before the limit point is reached when material nonlinearity is dominant. 
The reason for the increase in the failure load with the width and the height of 
the bracket is different when the failure behaviour is dominated by geometric 
nonlinearity. Part of the load is transferred as shear through the side of the bracket 
and hence a greater load is needed to achieve sufficient compressive stress above the 
bracket, which is the cause of buckling for a longer bracket. With increasing width, 
more load needs to be applied to produce the same compressive stress above the 




































Figure 6.9: Dimensionless failure loads of GMNA analysis (r/t=400) 
 
The failure load of the thickest shell (Figure 6.9) displays an almost linear 
variation with both the width and the height of the bracket. This is caused by the 
close similarity to the failure load of the materially nonlinear analysis, which 






































Figure 6.10: Dimensionless failure loads of GMNA analysis (r/t=600) 
 
The variation of the failure load with bracket width becomes more nonlinear for 
shells with an r/t-ratio of 600 (Figure 6.10). In this case the material and geometrical 





































Figure 6.11: Dimensionless failure loads of GMNA analysis (r/t=1000) 
 
The failure load of the thinnest shell (Figure 6.11) shows a nonlinear variation 
with the bracket width as well as with the height of the bracket since its behaviour is 
dominated by geometric rather than material nonlinearity. 
6.5 Capacity curves of the perfect shell 
6.5.1 Introduction 
Traditionally a geometrically and materially nonlinear analysis (GMNA) has 
been seen to give a result close to the “right answer” for a perfect shell.  But when 
the only analysis performed is the geometrically and materially nonlinear analysis 
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(GMNA) the analysis loses its context within the other analyses, which can define 
appropriate reference loads.  This statement is like saying that the buckling strength 
of a column should be seen in the context of the yield stress and the Euler buckling 
stress, and that if it is not, we have difficulty assessing its meaning.  Thus other 
analyses, like the materially nonlinear analysis (MNA), the geometrically nonlinear 
analysis (GNA) and the linear bifurcation analysis (LBA) are very necessary.   The 
buckling stress of a column loses its usefulness when the yield stress and the 
slenderness of the column are unknown. Therefore the framework of the EN1993-1-6 
(2006) is used here.  
6.5.2 Description of a capacity curve 
The traditional “column curve”, here generalised into a “capacity curve” (Rotter, 
2002) is used to set different analysis results into context.  It describes the behaviour 
of a structure from a fully plastic collapse (low slenderness, λ<λ0) to elastic buckling 
(high slenderness, λ>λp) using the relative slenderness λ of the structure to define 





















Figure 6.12: General capacity curve 





λ =  (6.2) 
where Rpl is the plastic limit resistance (RMNA) and Rcr the elastic critical 
resistance (RLBA).  






χ =  (6.3) 
Where the resistance R is the failure load calculated in a geometrically and 
materially nonlinear analysis with or without imperfections (RGMN(I)A) 
The shape of the capacity curve is described in EN 1993-1-6 (2006) by 
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In the plastic range (Equation 6.4) the failure load of the geometrically and 
materially nonlinear analysis (GMNA) is equal to the failure load of the materially 
nonlinear analysis (MNA) with χ=1, so the effect of the geometrical nonlinearity 
disappears and failure is solely due to material nonlinearity. The parameter λ0 is the 
squash limit relative slenderness and defines the changeover between purely plastic 
behaviour and the elastic plastic interaction range.  In the elastic plastic interaction 
range, starting at λ0, geometric nonlinearity gains in importance more and more the 
closer the relative slenderness λ comes to the plastic limit relative slenderness λp.  
The parameter λp represents the boundary between elastic plastic buckling and elastic 
buckling. At this changeover the parameter χ takes the value 1- β, where β is the 
plastic range factor. The parameter α is the elastic imperfection reduction factor and 
describes the loss of strength due to geometric nonlinearity and imperfection 
sensitivity, when imperfections are implemented into the analysis. Since this chapter 
describes the behaviour of the perfect shell, the parameter α describes only the loss 




6.5.3 The modified capacity curve 
A serious disadvantage of the traditional capacity curve (Figure 1.22) is that the 
exact position of the parameter 1- β and α is rather difficult to determine.  
An easier extraction of these values (Rotter, 2002) can be achieved when the 
relative slenderness RMNA/RLBA (x-axis) is replaced by RGMNA/RLBA (Figure 6.13).  
RGMNA/RLBA can be expressed by rewriting the expression for the elastic buckling 
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Figure 6.13: Modified capacity curve 
 
The elastic buckling range is then transformed into a vertical line and the 
parameter α can be extracted easily. The position of the boundary between elastic 
buckling and elastic plastic interaction is now well defined (Figure 6.13) and the 
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parameter 1-β, which determines the point where plasticity starts to play a role in the 
failure behaviour can also now be extracted easily. The modification of the 
traditional interaction curve was first proposed by Rotter  (2002). 
6.5.4 Technique to change the dimensionless slenderness 
To perform a series of calculations that can define an interaction curve it is 
necessary to change the dimensionless slenderness λ in order to plot different points 
in the interaction curve. In traditional structural engineering, the material was 
assumed to be predefined and the slenderness was changed by changing the 
geometry, but the dimensionless slenderness can also be varied by changing the yield 
stress. 
When the geometry is changed in order to change the dimensionless slenderness, 
then it is generally true that both the effects of imperfection sensitivity and of 
geometric nonlinearity are altered, and therefore it may not be possible to find a 
unique value of α (Figure 6.14). That is to say, the value of α is likely, in general, to 
depend on the geometric parameters of the problem, but since it characterises elastic 
buckling, it cannot depend on the yield stress. 
The idea to change the geometry of the structure in order to change the relative 
slenderness is rooted in research on columns, and for shell structures, research on 
uniaxially compressed cylinders, which is the most studied example of shell buckling. 
But this is a misleading example, because the value of α depends, for this special 
case, only on the slenderness, simply characterised by r/t (Yamaki, 1984).    This is 
illustrated in Figure 14 where the slenderness of the bracket supported cylinder is 
























Figure 6.14: Modified capacity curve h/r=0.12, h/d=3 and inward eigenmode imperfection δ/t=2 
(Doerich, 2002) 
 
In a more general case, one can expect that the value of α will depend on all 
geometric parameters and therefore a reliable calculation of the capacity curve will 
need to keep the geometry constant in order to keep the geometric nonlinearity and 
imperfection sensitivity constant. 
As mentioned before, the geometry can be kept constant and the dimensionless 
slenderness changed by changing the yield stress even though this may lead at times 
to a yield stress of unrealistic value. Therefore this technique, first proposed by 
Rotter (2003), was adopted in this investigation. 
6.5.5 Extraction of the value α 
The first parameter to be calculated for the use in the interaction curve is the 
parameter α (Figure 6.13).  This parameter describes the loss of strength due to 
geometric nonlinearity and, where applicable, geometric imperfections. In this 
chapter only the perfect silo without any geometric imperfections is considered and 
therefore the parameter α describes the loss of strength due to geometric nonlinearity 
only. The modified capacity curve was used to extract the parameter and the relative 
slenderness was changed by changing the yield stress.  When the yield stress is 
increased, the value on the x-axis of the modified capacity curve (RGMNA/RLBA) 
moves closer to the value α. In the extreme case, when the geometrically and 
materially nonlinear analysis (GMNA) with infinite yield stress is calculated, 
material nonlinearity loses all of its influence and only the geometric nonlinearity 
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remains. This analysis is then the same as the geometrically nonlinear analysis 
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Figure 6.15: α=RGNA/RLBA vs. the dimensionless half width of the bracket Γ (r/t=1000) 
 
For a given radius to thickness ratio, as the height and width of the bracket are 
changed, the parameter α does not follow any apparent trend (Figures 6.15 and 6.16). 
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Figure 6.16: α=RGNA/RLBA vs. the dimensionless height of the bracket Λ (r/t=1000) 
 
In the first calculations to explore the value of α for the perfect shells, the 
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bracket geometries were varied by keeping the ratio h/d constant whilst both h and d 
were changed. This set of calculations produced the results shown in Figure 6.17, 
where it can be seen that the value of the parameter α varies in waves. 
These results cannot be compared directly with the results of later calculations, 
where the dimensionless width and height of the bracket were varied independently. 
Even though the results are not directly comparable, they still demonstrate the 















Figure 6.17: Variation of α with the dimensionless height of the bracket 
 
To find a useful approximation for the values of α to put into the capacity curve, 
a safe estimate had to found.  The proposed approximation was to take α as constant 
over the dimensionless width Γ in the investigated range (Figure 6.15), since it does 
not change significantly and does not follow any apparent trend.  Therefore the lower 
bound was taken to achieve a safe value for α. 
When the parameter α is plotted against the dimensionless height of the bracket 
Λ (Figure 5.18), the predominant behaviour is that when Λ is increased, α also 
increases. Therefore the variation of α with Λ was approximated with a linear 
function.  A lower bound was again taken in this case.   
This solution is rather unsatisfying, but due to changes in behaviour caused by 
the geometric nonlinearity, it has not been possible to identify the minimum and 
maximum of Figures 6.15 and 6.17.  Only three r/t-ratios were considered and 
therefore not enough output was available to approximate any changes with the r/t 
ratio. It should be noted that the lower bound estimate made here is only valid in the 
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range of geometries explored in this investigation.  Nevertheless the range is 
considered to cover the practical range.   
A lower bound approximation for α can therefore be written as 
 1 2g gα = Λ +  (6.12) 
 
r/t= 400 600 1000 
g1= 0.0144 0.0129 0.0167 
g2= 0.590 0.610 0.623 
Table 6.1: Parameters for the approximation of α 
 
6.5.6 Extraction of parameters η and β 
6.5.6.1 Capacity curves with constant η 
From its original definition (Rotter, 1998a), the parameter η was assumed by 
default to be constant.  For example, all interactions defined in EN1993-1-6 (2006) to 
date are set as η=1, based on limited experimental data and simple lower bounds.  




























Figure 6.18: Modified capacity curve (r/t=400, Λ=1, d Γ=0.75), η=1.00 
 
The examples shown Figures 6.18, 6.19 and 6.21 have the same geometry with a 
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radius to thickness ratio of r/t=400, a dimensionless height Λ=1 and a dimensionless 
width of Γ=0.75.  In Figure 6.18, the result of using a fixed value of η=1 is shown.  
The result becomes more economic when η is taken to be constant but not 



























Figure 6.19: Modified capacity curve (r/t=400, Λ =1, Γ=0.75) η=1.68 
 
Even though a constant η (η=1.68 here) results in a better approximation to the 
numerical results than an approximation with η=1, it will be shown later that a 
constant value of η also implements a restriction on the minimum value that (1-β) 
can achieve. This effectively restricts the stress level at which yielding can begin to 
affect the behaviour to stress levels that are sometimes too high for safe design. 
For the constant value η=1 the lowest value for (1-β) that can be achieved may 
be deduced from the traditional capacity curve (Figure 6.20).  The slope of the elastic 
plastic interaction range cannot be higher than a tangent to the elastic buckling range 
at λp.  Therefore the lowest value of (1-β) (Figure 6.20) arises when the slope of the 
elastic plastic range (Equation 6.13) is equal to the slope of the elastic range 
(Equation 6.14) at λp (Equations 6.13-6.18).  
• For η=1 
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Figure 6.20: minimum 1- β, η =1, λ0=0 
• Therefore in this limiting condition 
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The extreme case scenario occurs when the right hand side of the Equation 6.16 













β =  (6.18) 
Therefore β must be less than 0.667 when λ0 > 0 or (1-β) > 0.333 when λ0 > 0. 
This restriction does not allow for yielding at load levels below 1/3 of the plastic 
collapse strength of the structure, which could lead to problems when early yielding 
is important to the failure mechanism.  This early yielding must, of course, be 
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significant enough to influence the collapse or buckling load, so it cannot be a tiny 
amount of yielding in a small and insignificant corner (like yield at a bolt hole).  
Most problems in shells or frame structures do not experience such extensive 
yielding at early stages of the load-deformation path that this restriction affects their 
performance, but the bracket demonstrates that this idea is not universal. 
 
6.5.7 Capacity curves with η varying linearly with λ 
To avoid this restriction on β, it is proposed here that η should be assumed to 
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The equation has an interaction exponent of η0 at λ0 and ηp at λp and permits the 
elastic limit interaction exponent ηp to be smaller than one if necessary.  These 
limiting values of η are hereafter termed the “elastic limit interaction exponent” ηp 
found at the point where elastic behaviour ends, and the “plastic limit interaction 
exponent” η0,  where the plastic collapse load is reached. 
This equation has the great advantage that it permits 1-β to be smaller than 1/3, 
corresponding to structural systems in which yield may affect the strength at mean 
stress levels below 1/3 of the plastic collapse strength. 
It also provides a much better fit to many interaction curves for bracket 




























Figure 6.21: Modified capacity curve (r/t=400, Λ =1, Γ=0.75) η varies linearly with λ 
 
However, in order to calculate the capacity curves correctly, a number of 
restrictions need to be carefully observed.  
The slope of the traditional capacity curve in the elastic plastic interaction range 
has to be smaller than the slope of the elastic-buckling range at the cross-over point 
λp (Figure 6.22). There are also restrictions on the curvature of the elastic plastic 
interaction range. As a result the first task is to obtain the slope and the curvature of 












Figure 6.22: restriction of the slope of the elastic plastic interaction range 
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To calculate the slope and curvature of the elastic plastic interaction range 
Equation 6.19 is rewritten as 
 ( ) ( ) ( )1 vu λχ βλ λ= −  (6.21) 
with 
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The slope of the elastic plastic interaction range can then be expressed as 
 ( ) ( ) ( ) ( ) ( ) ( )
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and the curvature takes the equation 
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 (6.27) 
 ( ) 0u λ′′ =  (6.28) 
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 ( ) 0v λ′′ =  (6.31) 
At the critical point of interest, λ= λp, Equations 6.26-6.31 take the values as 
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follows 
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 (6.33) 
 ( ) 0pu λ′′ =  (6.34) 
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 (6.39) 
After the slope and the curvature of the elastic plastic curve are known, they can 
be compared with the slope and curvature of the elastic range.  The slope of the 
elastic plastic range must be less negative than the slope of the elastic range.  The 
limiting slope is shown in Figure 6.22, where the slope of the elastic plastic range at 
λp is equal to the slope of the elastic curve.  
The slope of the elastic buckling range be written as  
 ( ) 3
2 when p
αχ λ λλ λ
−′ = ≤ (6.40) 
and at λp this becomes  





−′ = ≤ (6.41) 
Therefore the restriction for the limiting slope of the elastic plastic interaction 
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• or rearranged  








Equation 6.43 gives an important limitation on the highest value of η that may 
be used at the point of transition from elastic buckling to elastic plastic interaction.  
The curvature of the elastic plastic interaction range (equation 6.39 at λp) must 




































Figure 6.24: Negative curvature at a low 1-β value 
 
The curvature of the elastic plastic interaction range needs to be positive and 
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smaller than the curvature of the elastic range at λp when early plasticity arises. Early 
plasticity is translated into the capacity curve as small 1-β (1-β2 in Figure 6.23). A 
negative curvature at λp for small 1-β would lead to the case shown in Figure 6.24, 
which does not lead to the desired shape of a capacity curve. 
For large 1-β (1-β1 in Figure 6.23) the curvature at λp is desired to be negative or 
at most equal to the curvature of the elastic range. 




αχ λ λλ λ
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(6.46) 
and λ≥0 by definition. 
Hence the restriction of the curvature of elastic-plastic-interaction range can be 
formulated as  
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 (6.48) 
with the additional restriction that for small 1-β the curvature of the elastic 













Positive curvature for small 1-β can be assured in the same manner using 
Equation 6.49 and the restriction can then be written as  
 202 0p pη η η− − >  (6.50) 
Equation 6.50 has not been used in this investigation since the values of 1-β 
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were all larger than 1/3 (i.e. yielding affected the global failure load at values less 
than 1/3 of the plastic collapse load), but it has been included for completeness. 
 
6.5.8 Examples of capacity curves 
After identifying requirements for the general shape of a capacity curve, a closer 
look is taken here at the capacity curves of this investigation using examples to 
illustrate the general pattern.  The full set of capacity curves can be found in the 
Appendix (Chapter 10.2-10.4) 
Two distinct shapes can be observed in the capacity curves of this investigation 
depending on the height of the bracket.  
The modified interaction curve for short brackets (Λ=1 and 2) displays a 
rounded shape with an extensive elastic plastic interaction zone as illustrated in the 
example with the geometry r/t=1000, Λ=1 Γ=1 (Figure 6.25). In this case, plasticity 
starts to influence the failure load at an early stage and continues to influence the 
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Figure 6.26: Traditional capacity curve (r/t=1000, Λ =1, Γ =1) 
 
Taller brackets (Λ = 5, 6 and 7) display a rather different shape (Figure 6.27, 
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Figure 6.28: Traditional capacity curve (r/t=1000, Λ =7, Γ=1.25) 
 
The influence of plasticity starts at a rather low value of 1-β (high plastic range 
factor β), but does not increase its influence in the manner seen in Figure 6.25, but 
stays in close proximity to the elastic buckling value (vertical line) until a value of 
χ≈0.7. Then a rapid transformation of the response can be observed at around χ≈0.8 
(Figure 6.27) from an almost elastic to an almost plastic response, but the plastic 
collapse load is only approached very slowly (χ≈1).  
This capacity curve also shows that, at a value of strength of about 80% of the 
plastic collapse load (χ=0.8), the failure load can still be very close to elastic 
buckling.  This is an example where the true importance of the capacity curve can be 
shown.  One would think that when the structure displays a strength reasonably close 
to the plastic collapse load, the failure mechanism would be close to a plastic 
collapse or at least well into the elastic plastic interaction zone, away from elastic 
buckling.  But capacity curves reveal the true behaviour of the structure, which is 
here almost elastic buckling failure.  
While the modified capacity curves (Figures 6.25 and 6.27) show the behaviour 
discussed above very clearly, the corresponding traditional capacity curves (Figures 





6.5.9 Approximation of the parameters α, β, η0 and ηp 
To approximate the values of the parameters α, β, η0 and ηp a best fit (using a 
least squares procedure) was performed for every investigated geometry. The squash 
limit slenderness λ0 was considered to be zero, since no hardening was introduced 
into the model and therefore the failure load of the geometrically and materially 
nonlinear analysis (GMNA) does not rise above the plastic collapse load as this shell 
configuration does not exhibit geometric hardening (Rotter, 2005).  
The resulting parameters were then plotted against the dimensionless width of 
the bracket Γ. A choice was then made for an approximating function that would 
result in an appropriate fit over Γ.  The constants found in this approximation were 
then plotted against the dimensionless height of the bracket Λ and an appropriate 
function of Λ was sought. A short description of this approximation will be given 
using the radius to thickness ratio of 600 as an example. The other two r/t ratios 
(r/t=400 and 1000) were treated in a similar manner.  
First, the best fit for each geometry (each Γ and each Λ) was performed (Figures 
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Figure 6.29: Values of 1-β for best fit for each of the geometries (r/t=600) 
 
By inspection (Figure 6.29), the parameter 1-β follows an approximately linear 
variation with the dimensionless width of the bracket Γ. Hence a linear variation was 
used to approximate 1-β over Γ (Equation 6.51). 
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Figure 6.30: Values of η0 for best fit for each of the geometries (r/t=600) 
 
In a similar manner, the variation of the plastic limit interaction exponent η0 
(Figure 6.30) could also be approximated with linear function.  Therefore the 
decision was made to use a linear function once again to describe the variation of η0 
(Equation 6.52). 
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Figure 6.31: Values of ηp for best fit for each of the geometries (r/t=600) 
 
When the best fit for each geometry was performed (Figure 6.31), it was not 
clear what kind of function to choose for the variation of the elastic limit buckling 
interaction exponent ηp with Γ, even though an exponential function might 
approximate the variation of ηp with Γ reasonably well (Figure 6.31). Therefore a 
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best fit calculation was repeated for the plastic interaction exponent ηp for each 
geometry, but adopting the chosen linear functions for 1-β and η0 that describe the 
variation with the dimensionless width of the bracket Γ.  The resulting variation of ηp 
with Γ (Figure 6.32) then came quite close to a linear variation (Equation 6.53).  
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Figure 6.32: Values of ηp for best fit for each of the geometries (r/t=600) after fit of 1-βand 
η0 
 
The approximation of the parameters 1-β, η0 and ηp with the dimensionless 
width of the bracket Γ can now be summarised as: 
 ( ) ( )1 a b, r t , r tβ− = Γ +Λ Λ  (6.54) 
 ( ) ( )c d, r t , r tpη = Γ +Λ Λ  (6.55) 
 ( ) ( )0 e f, r t , r tη = Γ +Λ Λ  (6.56) 
The parameters a, b, c, d, e and f depend now only the dimensionless height of 
the bracket Λ and the radius to thickness ratio r/t. The parameters a-f were then each 
plotted against the dimensionless height of the bracket Λ (Figures 6.33 to 6.36). 
To approximate the parameters a-f, decisions on which functions to choose were 
made step by step. First, all of the parameters were inspected and the ones that follow 
most closely a simple pattern were chosen for the first fit. In this case these were the 
parameters a and b (Figures 6.33 and 6.34), which followed a linear function 
reasonably closely. After these functions were chosen, another least square fit on the 
original data was performed incorporating the linear approximation for parameters 
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the a and b, but the remaining parameters c-f were free to change. 























Figure 6.33: Variation of parameter a with Λ 
 























Figure 6.34: Variation of parameter b with Λ 
 
After the initial fit of parameters a and b to linear functions, parameters d and e 
were chosen for the next fit. Both parameters followed a linear function reasonably 
closely and were therefore approximated to a straight line. 
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y = -0.4119x + 5.2652
R2 = 0.9626























Figure 6.35: Variation of parameters d and e with Λ 
 
The last two parameters c and f were analysed after another fit using the linear 
functions for a, b, d and e, but leaving the last two parameters c and f free to change. 
The variation of these parameters with the dimensionless height of the bracket Λ was 
once again very close to a linear function (Figure 6.36). 
y = -2.3685x + 18.73
R2 = 0.9815




















Figure 6.36: Variation of parameters c and f with Λ 
 
The radius to thickness ratios of 400 and 1000 followed very similar behaviour 
to that described for r/t=600.  
After all this careful fitting and choosing of functional forms, the final 
parameters needed for a capacity curve can be expressed as: 
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 ( ) 11 21 1ba aβ− = Γ + Λ +Λ +  (6.57) 
 ( ) 1 21 2p d dc cη = Γ + Λ +Λ +  (6.58) 
 ( )0 1 21 2 f fe eη = Γ + Λ +Λ +  (6.59) 
 1 2g gα = Λ +  (6.60) 
 
r/t= 400 600 1000 
a1= 0.0365 0.0355 0.0385 
a2= -0.301 -0.308 -0.330 
b1= -0.0187 -0.0133 -0.0140 
b2= 1.00 1.00 1.00 
c1= 0.345 0.342 0.310 
c2 -2.94 -2.93 -2.72 
d1= -0.443 -0.442 -0.404 
d2= 5.45 5.50 5.27 
e1= 1.38 1.37 1.53 
e2= -10.22 -10.33 -11.26 
f1= -2.55 -2.55 -2.76 
f2= 20.20 20.52 21.80 
g1= 0.0144 0.0129 0.0167 
g2= 0.590 0.610 0.623 
Table 6.2: Parameters for the approximation of capacity curves 
 
It should be noted that the values are very similar for all the r/t-ratios 
investigated (Table 6.2). With more data it may be possible to find values of the 
parameters which can be kept constant for any r/t-ratio, but due to the limited range 
of radius to thickness ratios, the conclusion here must be provisional.  To achieve a 
reasonably accurate, but conservative, description of all the 75 capacity curves 
calculated (over 750 GMNA calculations), the following values are recommended 
















Table 6.3: Capacity curve parameters for 400<r/t<1000, 1<Λ<7, 025<Γ<1.25 
 
The two cases of the maximum discrepancy between approximation and 
numerical calculation using the parameters from Table 6.3 on the safe and on the 
unsafe side are shown (Figures 6.38 to 6.41).  
When the frequency of occurrence of each error is examined (Figure 6.37), it can 
be clearly seen that an error close to zero is most frequent.  The maximum error on 
the unsafe side is a single occurrence and therefore might be safely ignored.  Because 
a lower bound approach has been chosen for the choice of the value of α, the 
histogram is skewed to the safe side.  Also the maximum error on the safe side, 
which is of the order of 23-24%, has only a few occurrences.  The mean error of the 
distribution is 6.16% and the standard deviation is 6.82%.  These seem to give 
remarkably good quality predictions for the strengths of this wide range of structural 
geometries, failing in a range of different ways from purely elastic through to 





























































Figure 6.37: Histogram of the frequency of each error 
 
The encountered error using this approximation is mostly on the safe side. This 
is a result of the lower bound approximation taken for the value of α, as discussed 
before, and also the lower bound approach taken to derive the parameters in Table 
6.3. The maximum error for the value of α is 27.24% (Figures 6.38 and 6.39). This is 
a rather unsatisfying result, but due to the wave-like variation of α no better 
functional choice for a lower bound approximation could be found and also due to 
the limited range of r/t-ratios investigated, no other approximation could be chosen 
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Figure 6.39: Traditional capacity curve (r/t=1000, Λ =5, Γ=0.25); maximum error on the 
safe side 
 
The maximum error on the unsafe side occurs in the corner between the elastic-
plastic interaction range and elastic range for a few geometries only. The maximum 





































































Geometrically and materially nonlinear analyses (GMNA) have been used in this 
chapter to investigate the capacity curves for perfect bracket supported shells.  
The load deflection curves for a thin shell showed a shape and failure load very 
similar to the geometrically nonlinear elastic analysis (GNA), whereas the failure 
load of the thickest cylinder showed failure loads close to the plastic collapse load 
(MNA).  When the relative slenderness was compared with the plastic limit 
slenderness of these cylinders, it could be seen that their location in the capacity 
curve is well within the elastic plastic interaction range. 
The failure loads of the cylinder and bracket geometries that have been explored 
show the same overall behaviour: the failure load increases with the width and the 
height of the bracket.  For a radius to thickness ratio r/t of 400, the variation of the 
failure load with both Λ and Γ is almost linear. This is due to the closeness of the 
failure load to the plastic collapse load, which varies linearly with Λ and Γ. The 
cylinders with a radius to thickness ratio r/t of 600 and 1000 show a more nonlinear 
variation with the height and the width of the bracket, since geometric nonlinearity 
takes on greater importance as the cylinder becomes thinner. 
 
The general form of a capacity curve and the modified capacity curve was 
shown. 
The modified capacity curve has the advantage over the traditional capacity 
curve that the elastic imperfection reduction factor α and the plastic range factor β 
can be extracted more accurately. 
The interaction exponent η in the elastic plastic interaction range has been 
changed from constant to a linear function depending on the relative slenderness λ. 
This change opens the possibility to capture early yielding in the capacity curve, 
which was restricted when η was required to have a fixed value to the condition that 
1-β<0.33.  This restriction made the original capacity curve only applicable to 
structures in which yield did not affect the global failure strength at loads below 1/3 
of the plastic collapse loads.  Although this restriction is not important for most 
frame structure and shell buckling problems involving relatively uniform stress fields, 
for the bracket and possibly similar stress concentration load conditions, it is an 
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unfortunate limitation.  
Several restrictions must be observed when the linearly varying function of the 
interaction exponent is used.  Three restrictions were found and their values in terms 
of other capacity curve parameters derived. 
Two distinct shapes were found for the capacity curves when the geometries 
were changed.  Cylinders with short brackets show an extensive elastic plastic 
interaction, with a rounded shape.  By contrast, the capacity curves for tall brackets 
remained close to the elastic buckling load until very close to the plastic collapse 
load, and showed a rapid transition towards more plastic behaviour after that. 
An empirical fit to all the capacity curves was found to capture the behaviour for 
each r/t ratio. The best fit parameters are very similar for all r/t ratios and therefore a 
conservative treatment of parameters was used to give a single approximation for all 
the investigated geometries  
The variation of the elastic imperfection factor α with the bracket width and the 
height did not follow any apparent trend. Furthermore, because an early investigation 
showed that its variation might be wave-like in character, a lower bound 
approximation was used for the empirical fit of α. This lower bound approximation 
introduced the greatest error into the empirical fit, but since it was a lower bound 
approach the discrepancy is on the safe side. 
6.7 Conclusions 
This chapter set out to examine the behaviour of perfect bracket supported shells 
using the GMNA-analysis.  It further developed capacity curves for the bracket 
supported shell including an appropriate empirical fit for a wide range of bracket and 
shell geometries.  
The failure behaviour of the example geometries showed that thick shells with 
small brackets fail in a plastic collapse manner, but with a failure load very close to 
the plastic collapse load and yielding in an extensive area around the bracket just 
before buckling.  By contrast, thin shells fail in an elastic buckling manner, as seen in 
a GNA analysis, since the buckling condition is reached well before yielding can 
progress to a state where it has a significant effect on the overall strength. 
Each capacity curve required around 10 analyses with different yield stresses 
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and in total 75 capacity curves have been calculated. When these numerical analyses 
can achieve a reasonably accurate result with a small number of elements, more 
capacity curves can be calculated in a reasonable time.  However, the numerical 
analysis currently requires a large number of elements, due to the two different 
elements that are necessarily used in each mesh, so the computational power required 
to calculate the required points numerically for a single capacity curve grows 
disproportionately. 
The traditional capacity curve was examined next.  It was shown that the 
modified capacity curve allows for a much easier and more accurate extraction of the 
elastic imperfection reduction factor α and the plastic range factor β. 
It was also shown that the traditional method of changing the geometry to 
change the relative slenderness λ can lead to changes in geometric nonlinearity and 
imperfection sensitivity and may prevent a quality evaluation of the value of α. The 
relative slenderness can also be changed by changing the yield stress and keeping the 
geometry constant. This technique keeps the geometric nonlinearity and imperfection 
sensitivity constant leading to unique values of the parameters, and was therefore 
used in this thesis.  
It was found that if the interaction exponent η was retained at η=1, as used 
throughout EN1993-1-6 (2006), it is not easy to achieve a good fit in the case of the 
bracket supported shell. The change to a different, but constant, value for interaction 
exponent η achieves a much better fit. At the same time, a constant interaction 
exponent of any value was shown to restrict the plastic range factor β to a maximum 
of 2/3 and therefore early yielding in the structure cannot be described well by a 
constant interaction exponent.  To broaden the range of structures and structural 
behaviours that this capacity curve can cover, it was decided to allow η to vary 
linearly with the relative slenderness λ.  This proposal has two great advantages: 
early yielding can now be considered in the capacity curve, and a much better fit to 
the numerical results can be achieved. This is the first investigation of a linearly 
varying interaction exponent and could usefully be applied to more structures to 
verify its suitability for a wider range of structural problems. 
The variation of α with the bracket geometry was not straightforward and 
seemed to have a wave-like behaviour.  No suitable fit could be found for this kind of 
  256
variation.  Since it is known that the failure mode of the linear bifurcation analysis 
does not change in this range, it may be that the reason for the wave like behaviour is 
the change of failure mode seen the GNA analyses.  If the reason for the wave-like 
variation of α with bracket geometry is in fact the change of failure mode, the 
geometries at which the change happens need to be identified by much more detailed 
analyses.   
On the other hand, when the variation of the value of α with bracket width is 
examined, the change of α is minimal, but is still present.  This means that even the 
slightest change in failure mode could make a difference.  In this case it would be 
important to find the geometries at which the slope of the variation of α with the 
bracket geometries changes sign. Hence the elastic imperfection reduction factor α 
needs to be investigated more extensively. A lower bound approximation of α was 
used to achieve a safe estimate. Even with this rather inaccurate lower bound 
approximation of α, a high quality approximation to the 75 capacity curves has been 
achieved.  Since only three r/t ratios were investigated, the results should be treated 
as provisional at the present time, though it is believed that the overall description 
given here is quite accurate and a great improvement on alternative methods of 
assessing the strength of shell buckling conditions of comparable complexity. 
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7 Relative importance of geometric imperfections 
(GMNIA/GNIA) 
7.1 Introduction 
The geometrically and materially nonlinear analysis with explicitly modelled 
imperfections is thought to be the most accurate calculation to describe the real 
behaviour of shell structures.  
However, the challenge in this analysis is to find an appropriate imperfection 
shape and imperfection amplitude to achieve a conservative description for practical 
shell structure design.  This challenge is very considerable. Therefore the 
recommendations in the Eurocode (EN1993-1-6, 2006) are first examined and the 
choice of imperfection shape is discussed.  In the second part of this chapter, 
numerical results for the buckling strength of imperfect cylindrical shells supported 
on discrete brackets is studied. 
7.2 Eurocode recommendations on imperfection 
forms 
The Eurocode EN1993-1-6 (2006) very explicitly specifies the different 
imperfections forms and amplitudes which should be considered in any numerical 
analysis.  The following clauses are taken directly from Eurocode 3 Part 1.6 Section 
8.7.2 (EN1993-1-6, 2006). 
 
“(9) In formulating the GMNIA (or GNIA) analysis, appropriate 
allowances should be incorporated to cover the effects of imperfections that 
cannot be avoided in practice, including: 
a) geometric imperfections, such as:  
deviations from the nominal geometric shape of the middle surface (pre-
deformations, out-of-roundness); 
irregularities at and near welds (minor eccentricities, shrinkage 
depressions, rolling curvature errors); 
deviations from nominal thickness; 
lack of evenness of supports. 
 
b) material imperfections, such as:  
residual stresses caused by rolling, pressing, welding, straightening etc.; 
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inhomogeneities and anisotropies. “ 
 
(11) The imperfections should generally be introduced by means of 
equivalent geometric imperfections in the form of initial shape deviations 
perpendicular to the middle surface of the perfect shell, unless a better 
technique is used.  The middle surface of the geometrically imperfect shell 
should be obtained by superposition of the equivalent geometric 
imperfections on the perfect shell geometry. 
 
(12) The pattern of the equivalent geometric imperfections should 
be chosen in such a form that it has the most unfavourable effect on the 
imperfect elastic-plastic buckling resistance ratio rR,GMNIA of the shell.  If the 
most unfavourable pattern cannot be readily identified beyond reasonable 
doubt, the analysis should be carried out for a sufficient number of different 
imperfection patterns, and the worst case (lowest value of rR,GMNIA) should be 
identified. 
 
(13) The eigenmode-affine pattern should be used unless a different 
unfavourable pattern can be justified. 
 
 (14) The pattern of the equivalent geometric imperfections should, 
if practicable, reflect the constructional detailing and the boundary conditions 
in an unfavourable manner.   
 
(15) Notwithstanding (13) and (14), patterns may be excluded from 
the investigation if they can be eliminated as unrealistic because of the 
method of fabrication, manufacture or erection. 
 
(16) Modification of the adopted mode of geometric imperfections 
to include realistic structural details (such as axisymmetric weld depressions) 
should be explored. 
 
 (17) The sign of the equivalent geometric imperfections should be 
chosen in such a manner that the maximum initial shape deviations are 
unfavourably oriented towards the centre of the shell curvature. 
 
 (18) The amplitude of the adopted equivalent geometric 
imperfection form should be taken as dependent on the fabrication tolerance 
quality class.  The maximum deviation of the geometry of the equivalent 
imperfection from the perfect shape  Δw0,eq  should be the larger of  Δw0,eq,1  
and  Δw0,eq,2, where 
 0, ,1 1eq g nw l UΔ =  (7.1) 
 0, ,2 2eq i nw n t UΔ =  (7.2) 
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where: 
g  is  all relevant gauge lengths according to 8.4.4 (2); 
t   is  the local shell wall thickness;  
ni is  a multiplier to achieve an appropriate tolerance level; 
Un1 and Un2  are the dimple imperfection amplitude parameters for 
the relevant fabrication tolerance quality class.   
NOTE 1: The National Annex may choose the value of  ni.  The value  ni = 25 is 
recommended. 
NOTE 2: Values for the dimple tolerance parameter Un1 and Un2 may be obtained from the 
National Annex. The recommended values are given in Table 8.5. 
 
Fabrication tolerance quality 
class 
Description Recommended 
value of Un1 
Recommended 
value of Un2 
Class A Excellent 0,010 0,010 
Class B High 0,016 0,016 
Class C Normal 0,025 0,025 
Table 7.1: Recommended values for dimple imperfection amplitude parameters Un1 and 
Un2 (Table 8.5 from EN1993-1-6, 2006) 
 
(20) Additionally, it should be verified that an analysis that adopts 
an imperfection whose amplitude is 10% smaller than the value Δw0,eq  found 
in (18) does not yield a lower value for the ratio rR,GMNIA.  If a lower value is 
obtained, the procedure should be iterated to find the lowest value of the ratio 
rR,GMNIA as the amplitude is varied.” 
 
The following begins with a discussion of the application of these provisions to 
the problem of the cylinder on discrete brackets, before decisions are made 
concerning the imperfection forms and amplitudes to be adopted in this study. 
Some of the recommendations from the Eurocode concerning imperfection 
shapes and amplitudes are outlined above.  Possible imperfections are very explicitly 
outlined in this standard (Clause 9) ranging from an imperfect initial shape to 
imperfect material model, even though the equivalent geometric imperfection is 
recommended in the standard for general use.  In particular the eigenmode affine 
imperfection shape is suggested to be used when no other more unfavourable 
imperfection form can be identified (Clauses 11-13). The direction of the 
imperfection is suggested to be towards the middle of the cylinder (Clause 17), since 
this represents usually the more serious imperfection form. Even though geometric 
equivalent imperfections are specified, it is also made clear in Clauses 14 and 16 that 
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imperfection shapes similar to the imperfections which might occur in practice 
should be used and also that structural details like weld depressions should be 
included, while other imperfection forms may be excluded when they are unrealistic 
(Clause 15).  
For the bracket supported shell the recommended imperfection amplitudes for 
Fabrication Quality Class A (the best fabrication quality) are: 
r/t= 400 600 1000 
Δw0,eq 0.800 0.980 1.26 
Table 7.2: Recommended imperfection amplitudes for the bracket supported shell 
following EN1993-1-6 (2006) 
 
The requirement is also given (Clause 20) that an imperfection amplitude 10% 
lower than the specified one should also be calculated. This restriction is necessary to 
ensure that the buckling strength does not decline when the imperfection is smaller 
than the value associated with the tolerance limit. 
 
7.3 Choice of imperfection form 
The “worst” imperfection is usually considered to be the appropriate one. While 
this assumption is always on the safe side, it always holds the uncertainty that 
another imperfection may exist that could lead to a worse outcome, and the 
possibility that this worse imperfection could possibly arise in the fabrication process. 
On the other hand the “worst” imperfection of all might well be quite unrealistic, 
leading to very uneconomic designs if implemented (Rotter, 2004). 
The significance of imperfections for the buckling strength of shells has been 
reported frequently in the literature (as discussed in Chapter 1). In Chapter 5, it was 
shown, using a representative example of a bracket supported shell analysed with a 
geometrically nonlinear elastic analysis (GNA), that the importance of imperfections 
is not as significant for this structure as it is for many other shell structures. This 
chapter will examine the significance of geometric imperfections for a wider range of 
geometries.   
The choice of imperfection shape and amplitude δ has always been very 
challenging. This is especially true for the bracket supported cylinder. The shape of 
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the first eigenmode imperfection is most commonly taken as the first choice (e.g. 
EN1993-1-6, 2006; Teng and Song, 2001), but it was shown in Chapter 5 that this 
imperfection increases the strength of the cylinder in the elastic range.  
Therefore this imperfection shape, interesting as the result might be, is not 
suitable for an imperfection description to be applied in design calculations, and are 
also unsuitable for an imperfection sensitivity study of this problem. 
Weld imperfections have been found to dramatically reduce the strength of many 
shell structures (e.g. Rotter and Teng, 1989; Pircher and Bridge, 2001; Song et al, 
2004).  The reason for the reduction of strength was explained by Rotter and Teng in 
terms of the circumferential compression that is locally induced by the passage of the 
axial compression through the imperfection, leading to a bi-axial stress field in 
higher compression than the axial compression alone (Rotter and Teng, 1989).  This 
concept can be applied to other imperfection forms, and is closely related to the idea 
used in Chapter 3 that buckling may occur when the local axial compression reaches 
the value for uniform axial compression.  
By contrast with the above studies, the bracket supported shell is strongly 
affected by the reduction in curvature of the shell above the bracket.  Therefore the 
weld imperfection was also ruled out as not a suitable candidate for the imperfection 
sensitivity study since such a depression might well resist this curvature reduction.   
Following from this idea, the logical imperfection shape to use is one which 
reduces the curvature of the shell above the bracket.  
From Chapter 5 two imperfection shapes were identified as possible candidates 
for this study: the deformed shape of a geometrically nonlinear analysis at the post 
buckling minimum and the deformed shape at buckling.  
The imperfections with a post-buckling shape extracted from a geometrically 
nonlinear analysis of the perfect structure decreased the strength for small 
imperfection amplitudes, but shows an increase in strength for larger imperfections. 
In the example structure of Chapter 5 the larger imperfection, which showed an 
increase in strength is very similar to recommended imperfection amplitude in the 
Eurocode (EN1993-1-6, 2006) for the best quality fabrication class. 
The imperfection in the form of the deformed shape of a geometrically nonlinear 
analysis at buckling decreased the strength of the structure continuously and lead to a 
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similar reduction of strength for an imperfection amplitude of one wall thickness as 
the post buckling deformed shape with further reduction of strength for larger 
amplitudes (Chapter 5). Since this imperfection shape also provides a reduction of 
curvature above the shell, it was chosen in this investigation. 
One could argue that the deformed shape of the geometrically and materially 
nonlinear analysis (GMNA) should be used as the most damaging imperfection shape 
(Schneider et al., 2005), since it represents the deformed shape of the structure using 
exactly the same analysis.  
Whereas this statement might be true, the practicality of such an imperfection is 
questionable.  The goal here is to produce capacity curves for the imperfect structure.  
If the deformed shape from a geometrically and materially nonlinear analysis 
(GMNA) is adopted as an imperfection, then it is difficult to decide which GMNA 
analysis should be used to define this deformed shape, since every point of the 
capacity curve is calculated in a separate analysis using a different yield stress.  This 
also leads to difficulties in determining how the fabrication tolerances should be 
related to these adopted imperfections.  One possible solution is to take the deformed 
shape from an analysis calculated with a yield stress in the practical range.  However, 
this still leaves scope for a huge range of different shapes, since the deformed shape 
to be adopted depends on the extent of yielding in the individual calculation.   
The logic of the above indicates that a different imperfection shape should be 
used for every single point of the capacity curve, where the imperfection shape 
would change according to the deformed shape found for this particular analysis with 
this particular yield stress.  But this would lead to incredible difficulties: at what load 
level should the deformed shape be chosen as an imperfection to keep it in 
accordance with all the other different deformed shapes used for the same capacity 
curve?  Therefore also this possibility was discarded. Finally the deformed shape of 
the geometrically nonlinear elastic analysis at buckling was chosen as imperfection 
shape.  
The range of geometries investigated consisted of three different radius to 
thickness ratios to capture the behaviour pattern for thin, medium and thick shells 
(r/t=1000, 600 and 400). The dimensionless height of the brackets ranged from 
1 7h rt< Λ = <  and the dimensionless width from 0.25 1.25d rt< Γ = < . The 
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material properties used were σy=250 MPa, E=200 000 MPa and ν=0.3 to model 
mild steel.  The definition of failure remained the same as in Chapter 6. 
 
7.4 Geometrically and materially nonlinear analysis 
with imperfections (GMNIA) 
7.4.1 Challenges in the definition of failure (r/t=1000, δ/t=1) 
After a decision has been made to use the deformed shape of geometrically 
nonlinear analysis (GNA) at buckling, the next decision must concern the 
imperfection amplitude to be chosen.  As a starting point for the discussion of 
imperfection sensitivity, an imperfection amplitude δ of one wall thickness is used 
here to explore the behaviour.  This amplitude was used with the thinnest shell 
(r/t=1000), since this r/t ratio was expected to be the most imperfection sensitive. It 
should be noted that the imperfection amplitude suggested in the Eurocode (EN1993-
1-6, 2006) for Fabrication Quality Class A is 1.26 times the wall thickness (Section 
7.2), so the adopted value is quite close to that defined in this standard. 
The result for geometries with r/t=1000 followed closely the example geometry 
in Chapter 5 in most cases. 
The load deflection curves shown in Figures 7.1 and 7.2 compare the failure 
behaviour of the perfect and the imperfect structure with δ/t=1 for four different 
geometries (here called Geometries A1/A2 and Geometries B1/B2) for a 
geometrically and materially nonlinear analysis (GMNA and GMNIA). 
These four geometries illustrate well the general behaviour found. For the 
perfect shell with high brackets (Figures 7.1a and 7.2a) the difference between 
buckling and post- buckling minimum is “significant”, while for shorter brackets 
(Figures 7.1b and 7.2b) the difference becomes smaller. These effects become even 
more pronounced when imperfections are introduced. 
While this phenomenon does not affect the results of the imperfect cylinders 
with high bracket (Figures 7.1a and 7.2a, Geometries A1 and B1), it does affect the 
failure of imperfect cylinders with short brackets greatly (Figures 7.1b and 7.2b, 
Geometries A2 and B2). 
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Even though the curves look very similar (Figures 7.1b and 7.2b, Geometries A2 
and B2) and the geometry only differs by the width of the bracket (r/t=1000, Λ=1, 
Γ=1.25 (A2) and 1.00 (B2)), the failure behaviour and interpretation for these 
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Figure 7.1b: Load deflection curves for Geometry A2 (r/t=1000, Λ=1, Γ=1.25, δ/t=1), 
GMNIA 
 
Both perfect structures with short brackets (Figures 7.1b and 7.2b, Geometries 
A2 and B2) display a nonlinear pre-buckling path with a sharp fall in load carried 
after buckling.  The imperfect load deflection curves also exhibit very similar 
features.  The pre-buckling path of the imperfect structure is softer and more 
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Figure 7.2b:  Load deflection curves for Geometry B2 (r/t=1000, Λ=1, Γ=1.00, δ/t=1), 
GMNIA 
 
But while the load deflection curve for imperfect Geometry A2 (wide bracket 
Γ=1.25) in Figure 7.1b still displays buckling, the load deflection curve for imperfect 
Geometry B1 (Γ=1.00) in Figure 7.2b does not exhibit buckling.  
For both geometries, the more prominent indication that some bifurcation event 
has occurred is given by the change of slope of the load deflection curve rather than 
any fall in load carried (w/r ≈ 2.5 10-4). 
A bifurcation event was detected in the imperfect Geometry A2 (Figure 7.1b), 
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but the pre-buckled shape was already locally deformed, so the bifurcation scarcely 
made any difference. But since the definition of failure from the EN1993-1-6 (2006) 
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Figure 7.3: Load deflection curves (r/t=1000, Λ =1, δ/t=1), GMNIA 
 
But when the load deflection curves for both of these example structures are 
followed further, a much higher and more definite limit point appears well beyond 
the bifurcation or “first limit point” (Figure 7.3). The term “first limit point” is used 
here to describe the point where the slope of the load-deflection curve decreases 
rapidly or negative for the first time, as seen in the above example geometries A2 
and B2 at around w/r=2.5 10-4.  By contrast, the “second limit point”, seen between 
w/r =0.5 10-3 and w/r = 1 10-3 (Figure 7.3), occurs well after the “first limit point”.  
Using the definition of EN1993-1-6 (2006), failure occurs for imperfect 
Geometry B2 ( bracket width Γ=1.00,Figure 7.2b) at the “second limit point” (Figure 
7.3) and for imperfect Geometry A2 (wide bracket Γ=1.25, Figure 7.1b) at the “first 
limit point”. 
If bifurcation at the “first limit point” is chosen to mean failure, Geometry B2 
would have a slightly lower failure load than Geometry A2. If instead failure is 
chosen to be at the “second limit point”, the strength of Geometry A is deemed to be 
1.3 times that of Geometry B. 
It can be argued that the “first limit point” for Geometry A2 (Figure 7.1b) should 
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not be considered as failure since the loss of strength after buckling is minimal and 
the post-buckling path is strengthening up to the “second limit” load.  But this leads 
to another difficulty.  There may be many post-buckling paths (Yamaki, 1984) and it 
cannot be verified that the one calculated by a numerical analysis always finds the 
lowest post-buckling path.  If it is certain that the very lowest post-buckling 
minimum has been found, the definition of failure becomes uncertain.  How much 
loss of strength would there need to be to classify this point as failure?  How can we 
avoid an abrupt change in assessed strength for a small change in geometry if the 
criterion of failure depends on an arbitrary choice of how much post-buckling drop is 
permitted? 
On the other hand one could argue that even though the load- deflection path in 
Figure 7.2b does not show a drop in load, the rapid reduction of the slope could be 
considered sufficient to classify this point as failure. This would make a safe but a 
very uneconomical estimate of the failure load.  
The appearance of a “second limit point”, well after the occurrence of the “first 
limit point”, was observed in all investigated geometries in the geometrically and 
materially nonlinear analysis (GMNIA).  If the second limit point is adopted as the 
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Figure 7.4: Load deflection curves (r/t=1000, Λ=2, δ/t=1), GMNIA 
 
For an r/t-ratio of 1000, where the second limit point is chosen to define failure, 
the failure load for an imperfection amplitude of one wall thickness is higher than the 
failure load of the perfect structure.  To illustrate this behaviour, five example 
geometries with different width brackets are shown in Figure 7.4 with r/t=1000 and a 
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dimensionless bracket height of Λ=2.  The applied load is made dimensionless by 
using the failure load of the perfect structure.  This choice gives a clear illustration of 
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Figure 7.5: Summary of the ratio of imperfect to perfect cylinder strength (r/t=1000, δ/t=1), 
GMNIA 
 
The ratio of imperfect to perfect cylinder strengths is summarised in Figure 7.5. 
The maximum decrease of strength due to the imperfection was found to be 16% 
(Figure 7.5) compared to the perfect structure and only a few occurrences of a limit 
point at the “second limit point” were found (Figure 7.5) 
The above result suggests that an imperfection amplitude of one wall thickness 
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Figure 7.6: Load deflection curves from GMNIA analysis with r/t=1000 and Λ=1 
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The overall trend is that the imperfection sensitivity increases with increasing 
width and height of the bracket (Figure 7.5), but this trend is not true when the 
change of failure mode occurs (Figure 7.6). In this example (r/t=1000, Λ=1) the 
widest bracket (Γ=1.25) fails at the “first limit point”, the silos with a bracket width 
of Γ=1.00 and 0.75 fail at the “second limit point” and appear to have an increased 
failure load. The failure loads for cylinders with very short brackets (Λ=1) and 
dimensionless widths in the range 0.25≤Γ≤0.50 are all very close to the failure load 
of the corresponding perfect shells (Figure 7.5).  This similarity occurs because the 
failure mechanism is dominated by material nonlinearity and the failure load of the 
perfect and imperfect shell are both very close to the plastic collapse load, which is 
controlled by yielding all around the bracket. When yielding around the bracket 
determines failure almost completely, it is perhaps natural to find that no significant 
decrease of strength can be observed due to imperfections.  
7.4.2 Imperfection sensitivity in cylinders with r/t=600 and 
δ/t=1 (GMNIA) 
The imperfection amplitude of one wall thickness was also applied to the other 
radius to thickness ratios (r/t = 400 and 600) to determine whether any change of 
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Figure 7.7: Load deflection curves (r/t=600, Λ =1, δ/t=1), GMNIA 
 
For cylinders with short brackets Λ=1 (Figure 7.7) and Λ=2 (not shown here) 
and an imperfection amplitude of one wall thickness, the imperfection sensitivity is 
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minimal since the failure of the perfect shell is already very close to a plastic collapse 
as discussed before.  The imperfection sensitivity becomes slightly more pronounced 
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Figure 7.8: Load deflection curves (r/t=600, Λ=7, δ/t=1), GMNIA 
 
For the other cylinders with tall brackets Λ=5, 6 and 7 (Λ=7 shown Figure 7.8), 
the failure load of the imperfect shells is almost the same as the failure load of the 
perfect shell.  
The summary of failure loads (r/t=600) shows that imperfection sensitivity does 
not seem to be significant (Figure 7.9).  The largest reduction of strength compared 
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Figure 7.9: Summary of the ratio of imperfect to perfect cylinder strength (r/t=600, δ/t=1), 
GMNIA 
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7.4.3 Imperfection sensitivity in cylinders with r/t=400 and 
δ/t=1 (GMNIA) 
The thickest of the investigated shells (r/t=400) was not expected to be 
imperfection sensitive, but is shown here for completeness. The behaviour is always 
dominated by material nonlinearity. Plastic buckling can be observed for cylinders 
with short brackets with Λ=1 (Figure 7.10) and Λ=2 (not shown here), which leads to 
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Figure 7.10: Load deflection curves (r/t=400, Λ =1, δ/t=1),GMNIA 
 
This set of bracket supported shells with r/t=400 and Λ=5, 6 and 7 (Λ=7 shown 
in Figure 7.11) do not buckle at the “first limit”, but all fail at the “second limit 
point”.  For all geometries the failure load of the imperfect shell has about the same 
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Figure 7.12: Summary of the ratio of imperfect to perfect cylinder strength (r/t=400, δ/t=1), 
GMNIA 
 
The summary of failure loads (Figure 7.12) shows a slight decrease in the failure 
load for cylinders with short (Λ=1 and 2) and wide (Γ=5, 6 and 7) brackets, but 







7.5 Geometrically nonlinear analysis with 
imperfections (GNIA) 
7.5.1 GNIA or alpha value for capacity curves for δ/t=1 
Since this investigation follows the frame work of the Eurocode  
(EN1993-1-6,2006), the next step was taken in order to calculated the elastic 
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Figure 7.13: Load deflection curves (r/t=1000, Λ =7, δ/t=1), GNIA 
 
The imperfection sensitivity remained low in the GNIA analysis as it was seen in 
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Figure 7.14: Load deflection curves (r/t=1000, Λ =1, δ/t=1), GNIA-close up 
 
For most of the short bracket (Λ=1, 0.25≤Γ≤1, and 2, 0.25≤Γ≤0.5) buckling 
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could not be detected and determinate of the stiffness matrix remained positive 
throughout the analysis (Figure 7.14 and Figure 7.15 for Λ=1). 
The load carried rises very steeply up to values of the order of 1.5 to 2.3 times 
the failure load of the perfect shell (Figure 7.15). For such shells, it is clearly 
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Figure 7.15 Load deflection curves (r/t=1000, Λ =1, δ/t=1), GNIA 
When a buckling event was detected the reduction of strength was found in the 
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Figure 7.16: Summary of the ratio of imperfect to perfect cylinder strength (r/t=1000 δ/t=1), 
GNIA 
 
The imperfection sensitivity remained low for shells with r/t ratios of 400 and 
600 (Table 7.3 and Table 7.4: the letter “X” indicates that no bifurcation event could 
be found).  For those that did bifurcate, the loss of strength due to imperfections was 
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between 14% and 27%.   
 
      Γ 
    Λ 
0.25 0.5 0.75 1 1.25 
1 X X X X 0.787 
2 X X X X 0.812 
5 0.842 0.853 0.801 0.780 0.797 
6 0.853 0.823 0.751 0.814 0.857 
7 0.813 0.807 0.808 0.815 0.805 
Table 7.3: Summary of dimensionless bifurcation load RGNIA/RGNA (r/t=600, δ/t=1) 
 
       Γ 
   Λ 
0.25 0.5 0.75 1 1.25 
1 X X X X X 
2 X X X X X 
5 0.859 0.823 0.822 0.767 0.730 
6 0.840 0.842 0.830 0.735 0.752 
7 0.847 0.849 0.736 0.761 0.751 
Table 7.4: Summary of dimensionless bifurcation load RGNIA/RGNA (r/t=400, δ/t=1) 
 
7.5.2 Failure behaviour of imperfect cylinders with various 
imperfection amplitudes  
The above investigation revealed that cylinders with an imperfection amplitude 
of one wall thickness (δ/t=1) showed a moderate imperfection sensitivity. In order to 
explore the behaviour larger imperfection amplitudes are shown here.  
The widest and the narrowest brackets (Γ=0.25 and 1.25) were chosen as 
representative geometries for each r/t ratio and each value of the dimensionless 
height Λ. 
The thinnest shell with r/t=1000 with large brackets (both in height and in width) 
showed the most prominent imperfection sensitivity (Figure 7.17) with reduction of 
strength of 54% for very large imperfection amplitudes. The reduction of strength for 
the imperfect shells also leads to reduction of the relative difference between the 
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point of buckling and the post- buckling minimum. Therefore the maximum 
imperfection sensitivity was found when the difference between post- buckling 
minimum and buckling was close to zero and the buckling event could scarcely be 
seen (Figure 7.17, δ/t=5.27).  
The imperfections also lead to reduction of stiffness on the pre- buckling path 
(e.g. Figure 7.17), which is in contrast to the load deflection curves of an imperfect 
shell under uniform compression (Yamaki, 1984). This effect might be attributed to 
the very nonlinear pre- buckling deformations of the perfect shell and the resulting 
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Figure 7.17: Load deflection curves (r/t=1000, Γ =1.25, Λ =5), GMNIA 
 
For smaller bracket (both in height and in width) (Figure 7.18) the influence of 
material nonlinearity becomes more significant leading to more rounded and softer 
buckling response in the perfect structure. When imperfections are introduced the 
responds becomes even softer and no buckling event can be detected at the “first 
limit point” (Figure 7.18). The imperfect silos fail then at the “second limit point” at 


























Figure 7.18: Load deflection curves (r/t=1000, Γ =0.25, Λ =2), GMNIA 
 
 Γ=0.25  Γ=1.25 
Λ= δ/t= RGNIA/RGNA RGMNIA/RGMNA δ/t= RGNIA/RGNA RGMNIA/RGMNA
1 X 0.97 1 0.79 0.85 
1.05 X 0.99 1.46 0.77 1.13 1 
2.09 X 0.98 2.91 X 1.13 
1 X 1.01 1 0.90 0.92 
1.20 X 1.01 1.87 0.77 0.85 2 
2.40 X 1.01 3.75 0.58 0.64 
1 0.85 0.93 1 0.86 0.86 
2.11 0.73 0.91 2.63 0.67 0.70 5 
4.21 X 1.28 5.27 0.46 0.48 
1 0.79 0.84 1 0.86 0.86 
2.28 0.66 0.69 2.73 0.65 0.67 6 
4.55 X 1.13 5.47 X 1.14 
1 0.83 0.84 1 0.84 0.85 
2.38 0.66 0.66 2.82 0.63 0.67 7 
4.76 X 1.2 
 
5.64 X 1.23 
Table 7.5: Summary of dimensionless failure load (r/t=1000, various δ/t) 
 
The cylinders with radius to thickness ratios of 400 and 600 do not display 
significant imperfection sensitivity for the investigated imperfection amplitudes. The 
shell with the intermediate thickness (r/t=600) showed a loss of strength of about 
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17% (Table 7.6), which reduced to 13% (Table 7.7) for the thickest cylinder in the 
geometrically and materially nonlinear analysis (GMNIA). 
 Γ=0.25  Γ=1.25 
Λ= δ/t= RGNIA/RGNA RGMNIA/RGMNA δ/t= RGNIA/RGNA RGMNIA/RGMNA
0.95 X 0.99 1 0.79 0.89 
1 X 0.99 1.30 X 0.89 1 
1.91 X 0.99 2.59 X 0.88 
1 X 0.98 1 0.82 0.93 
1.11 X 1.00 1.60 0.74 0.89 2 
2.23 X 0.99 3.21 X 0.90 
1 0.85 0.99 1 0.79 0.98 
1.68 0.80 0.98 2.20 0.64 0.84 5 
3.36 X 0.91 4.39 X 0.94 
1 0.86 1.00 1 0.86 0.99 
1.90 0.72 0.98 2.79 0.66 0.87 6 
3.80 X 1.00 5.59 X 0.96 
1 0.82 1.00 1 0.83 0.97 
2.04 0.67 0.91 2.82 0.62 0.83 7 
4.07 X 1.01 
 
5.64 X 0.94 
Table 7.6: Summary of dimensionless failure load (r/t=600, various δ/t) 
 
On the other hand, the elastic analysis (GNIA) showed a more significant 
imperfection sensitivity with a loss of strength of 38% for the cylinder with 
intermediate thickness (Table 7.6) and 41% (Table 7.7) for the thickest cylinder.  
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 Γ=0.25  Γ=1.25 
Λ= δ/t= RGNIA/RGNA RGMNIA/RGMNA δ/t= RGNIA/RGNA RGMNIA/RGMNA
0.93 X 1.00 1.00 X 0.93 
1.00 X 1.00 1.18 X 0.92 1 
1.86 X 0.99 2.37 X 0.87 
1.00 X 1.00 1.00 X 0.95 
1.01 X 1.00 1.39 X 0.93 2 
2.02 X 1.00 2.78 X 0.89 
1.00 0.86 1.00 1.00 0.75 0.99 
1.42 0.84 1.00 1.90 0.63 0.99 5 
2.83 0.73 0.99 3.79 0.69 0.94 
1.00 0.81 1.00 1.00 0.78 1.00 
1.58 0.79 1.00 1.98 0.61 0.99 6 
3.15 0.65 0.99 3.96 0.59 0.94 
1.00 0.82 1.00 1.00 0.80 1.00 
1.73 0.75 1.00 2.05 0.66 0.99 7 
3.47 X 0.99 
 
4.10 X 0.94 
Table 7.7: Summary of dimensionless failure load (r/t=400, various δ/t) 
 
The load deflection curves with the same bracket geometries as shown for the 
cylinder with the radius to thickness ratio of 1000 (Figure 7.17and Figure 7.18) are 
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Figure 7.19: Load deflection curves (r/t=600, Γ =1.25, Λ =5), GMNIA 
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Silos of intermediate thickness (r/t=600) and large bracket (both in height and in 
width) (example in Figure 7.19) show the same principal response as the thin silos 
(r/t=1000).With increasing imperfection amplitude the response becomes softer and 
the ratio between the buckling load and the post-buckling minimum decreases 
(Figure 7.19) until buckling at the “first limit point” can not be detected anymore.  
By contrast with the thinnest cylinder (r/t=1000), plasticity influences the behaviour 
of the cylinders with intermediate thickness (r/t=600).  For the perfect cylinder, the 
response is highly nonlinear near bifurcation and the post-buckling path drops 
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Figure 7.20: Load deflection curves (r/t=600, Γ=0.25, Λ =2), GMNIA 
 
Shells of intermediate thickness, but small bracket (both in height and in width) 
(Figure 7.20) and the thickest shell (r/t=400, Figure 7.21 and Figure 7.22) do not 
show much imperfection sensitivity in the GMNIA analysis.  This is caused by the 
extensive yielding in the pre-buckling path. The perfect shell already has a very soft 
and rounded response.  With increasing imperfection amplitude, the response 
becomes even softer and a small bifurcation event occurs when much more plasticity 
is present, until the response becomes so soft that the loss of strength after buckling 
is minimal (Figure 7.21) and the overall response is similar to a load deflection curve 
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Figure 7.21: Load deflection curves (r/t=400, Γ=1.25, Λ =5), GMNIA 
 
The thickest cylinder (r/t=400) with a narrow and short bracket (Γ=0.25, Λ=2) 
does not show any imperfection sensitivity (Figure 7.22) and while geometric 
imperfections make the elastic response softer, the very plastic peak limit load of the 
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Figure 7.22: Load deflection curves (r/t=400, Γ=0.25, Λ=2), GMNIA 
 
7.5.3 Summary 
The overall behaviour of the imperfect shell is similar to that of the perfect shell.  
A very thin shell shows elastic buckling whilst a thick shell displays extensive 
yielding and the failure behaviour is similar to a plastic collapse.  This pattern 
follows that of a very slender column failing by elastic buckling and a very stocky 
column experiencing plastic collapse.  Cylinders with tall brackets display a higher 
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failure load than the same cylinder with a shorter bracket.  This is due to the shear 
transfer of stress on the side of the bracket.   
Since for any given value of the applied load the magnitude of stress is inversely 
proportional to the bracket width, it follows that with wide brackets (all other 
parameters remaining unchanged) have higher failure loads. 
The imperfection sensitivity decreases when more plasticity is involved in the 
failure behaviour.  Therefore a thin cylinder with a high and wide bracket shows the 
most significant imperfection sensitivity as long as failure is defined by the “first 
limit point. 
The initially chosen imperfection amplitude of one wall thickness has shown a 
low imperfection sensitivity with a reduction of the failure load of up to 16% 
compared to the perfect shell when material nonlinearity was included and up to 27% 
when elastic behaviour was investigated. 
A limited set of geometries with larger imperfection amplitude was analysed. 
The imperfection sensitivity for shell of intermediate thickness and thick shells was 
found to be low due to the influence of material nonlinearity for all imperfection 
amplitudes investigated. 
The thin shell (r/t=1000) on the other hand showed a maximum decrease of 
strength of 54% for a very large imperfection. When such a high imperfection 
sensitivity was encountered the difference between the buckling load and the post- 
buckling minimum was almost zero and the post- buckling stiffening after the post- 
buckling minimum.  
 
7.6 Conclusions 
When the imperfection sensitivity of the bifurcation load was first considered in 
this thesis, it was expected that the bracket supported shell would be imperfection 
sensitive, in the same manner that most other studied cases of shell buckling have 
been found to be imperfection sensitive.  When different shapes of imperfection were 
tested in the GNIA analysis, it was discovered that the imperfection in the form of 
the first eigenmode increased the strength of the structure instead of lowering it. 
While the deformed shape of the post- buckling minimum found in the geometrically 
nonlinear analysis (GNA) lowered the strength of the structure for very small 
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imperfection amplitudes, the strength was increased by larger imperfection 
amplitudes. The imperfection shape chosen for this study however was the deformed 
shape of the geometrically nonlinear analysis (GNA) at buckling, since it lowered the 
since this shape showed an continuous decrease of strength for all imperfection 
amplitudes and the decrease was also of the same magnitude as for the imperfection 
shape of the post- buckling minimum.  
In the geometrically and materially nonlinear analysis (GMNIA) two different 
limit points were found. When failure at the “first limit point” was detected the 
strength of the structure decreased, but when the imperfection amplitude was too 
large the bifurcation event for the perfect shell disappeared and was replaced by 
failure at a “second limit point” at a much higher load in the GMNIA analysis.  The 
failure load at the “second limit point” was as high, or higher than, the failure load of 
the perfect shell. When the loss of strength was significant at the “first limit point, it 
was also always accompanied by a progressively milder and milder bifurcation.  
While the influence of an imperfection amplitude of one wall thickness found 
not to be significant, larger imperfections lead to a further decrease of strength (up to 
54%) for the thin shells (r/t=1000) when failure at the “first limit point” was found. 
But the same imperfection amplitudes, which caused the greatest reduction of 
strength also led to a post-buckling minimum that was only very slightly smaller than 
the buckling load. When the difference between buckling load and post- buckling 
minimum is very small a slight change in geometry might lead to failure at the 
“second limit point” and the assessed strength of two very similar structures might 
differ considerably. It is therefore difficult to decide whether a minimal loss of 
strength after buckling should be included in design strength assessments. 
The same behaviour was found in the GNIA analysis. Here too the most 
damaging imperfection amplitude coincided with a minimum difference between the 
buckling load and the post-buckling minimum.  
When the buckling of a GNIA analysis using the “worst imperfection” is used to 
calculate the elastic imperfection reduction factor α, its value may be as low as 0.35. 
This should be compared with that for an externally pressurized cylinder (EN1993-1-
6, 2006), where the value of alpha for the imperfect structure is around 0.7.  A value 
below 0.7 was already produced by geometric nonlinearity in the perfect bracket 
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supported shell.  
Also a value of α=0.35 would indicate that this structure is very imperfection 
sensitive, but this is a misleading result. This great imperfection sensitivity is only a 
result of the definition of failure.  
More research needs to be done in what we define as failure, since a bifurcation 
with next to no loss of strength can hardly be described as damaging for a structure 
and is only failure by definition. 
While the question of imperfection sensitivity is difficult to answer for thin shell, 
the thick and intermediate shells did not show any significant reduction of strength 
due to the investigated imperfection shape.  
It is clear that this study of imperfection sensitivity is only a small part of a 
comprehensive study to understand the behaviour of the cylinder on discrete bracket 
supports completely. A more extensive investigation into other imperfection shapes 
and amplitudes is necessary. 
However, the study has really led into a much more challenging field which 
requires much further research.  This field demands answers to the question of what 
engineers should use as a criterion of failure, and whether it is acceptable for small 
changes in behaviour to lead to very large changes in the assessed strength. 
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8 Summary and conclusions 
8.1 Introduction 
A bracket supported silo has been investigated in this thesis within the 
framework of the European standard for strength and stability of shell structures 
EN1993-1-6 (2006). Due to a lack of experimental data and the considerable 
complexity of the problem, this study is entirely numerical  
The computational models were all built within the program ABAQUS, which is 
capable of undertaking all the different analysis types defined in the Eurocode. 
The bracket was treated as a rigid rectangular plate rigidly connected to a thin 
elastic-plastic cylindrical shell, and placed at some distance from the boundaries of 
the shell.  The loading on the silo was characterised by a uniform tensile force acting 
at the lower edge of the cylinder, caused by the stored solid in the silo which was 
deemed to be principally carried by the hopper located beneath the cylinder.  The 
accompanying internal pressure and frictional traction on the silo wall was omitted to 
produce a simplified treatment of the bracket problem.  
The different kinds of numerical analysis defined in European standard for 
strength and stability of shell structures EN1993-1-6 (2006) have been used to 
investigate the different aspects of the behaviour of this cylindrical shell subject to a 
local load.  In particular, special features were found associated with stress 
concentrations at the corners of the stiff bracket, and with stress transmission through 
the different boundaries of the bracket.  The twin goals of the thesis have been to 
describe the structural behaviour of this system and to devise a design treatment of 
the problem that can capture a significant range of cylinder radius to thickness ratios 
and of bracket geometries.  Because such a geometrical configuration needs many 
parameters to define it, the task of devising a satisfactory design treatment is quite 




8.2 Problem description, methodology and 
literature review  
The thesis opens with a description of the problem and the assumptions being 
made in the computational modelling.  A brief review of the literature on shell 
structures, shell buckling and plastic collapse is next given with particular emphasis 
on the problem of a cylinder with its axis vertical and subjected to vertical local loads.  
To give an overview over the different analyses and the response of the structure 
to each analysis, a carefully chosen example problem was fully described in 
Chapter 2, with exploration of the patterns of stress transfer and the outcome of each 
of the different kinds of analysis to be used later in the thesis.  
In the following chapters, each kind of analysis was used, and the predictions of 
the strength of the structure given by that analysis type discussed in detail.   
8.3 Linear bifurcation analysis  
The first type of analysis studied was the linear bifurcation analysis (LBA).  
Three different eigenmodes were identified with their maximum amplitudes at 
different locations.  It was expected that some simple relationships might be found 
that would capture the eigenvalues for brackets of different geometries, since many 
other shell buckling problems have this character, but it was found that these 
relationships were very complicated for the bracket-supported cylinder.  As a result, 
a considerable effort had to be put into finding some simple relationships that could 
define the linear elastic bifurcation eigenvalues for this problem.  An empirical fit to 
approximately 150 geometries was developed, and it was then independently verified 
using a further 150 geometries.  Even though the empirical fit does match the 
numerical results very well, it does not lead to a good insight into the physical 
behaviour of the structure.  To try to achieve this, a simple physical model was 
developed. This model still required an empirical fit to calculate the compressive 
force transmitted through the top of the bracket, but this empirical fit could possibly 
later be replaced by an analytical solution.  Using these empirical fits, the linear 
bifurcation load can now be accurately predicted and hence the elastic critical 
resistance Rcr required in the Eurocode as one of the two reference loads.  
 287
8.4 Materially nonlinear analysis  
The second basic type of analysis used aimed to determine the plastic collapse 
load of the bracket supported cylinder using a materially nonlinear analysis (MNA) 
with small displacement theory.  This is the second reference load required by the 
Eurocode.  This analysis proved to be a great challenge for the numerical analysis, as 
accurate reliable values for the plastic collapse load were sought, but the program 
ABAQUS failed to give credible results when simple choices of elements for the 
modelling were used.  A substantial amount of work was undertaken to trace the 
source of these problems and three validation problems of increasing complexity 
were used to ensure that the computational model finally chosen was adequate for the 
task.  These three different benchmark tests were performed to verify the element 
and mesh, and all tests accurately predicted the known algebraic collapse load. 
The plastic collapse mechanism of a bracket supported silo was found to be 
confined to the area around the bracket and it was discovered that the maximum load 
that the cylinder could carry could be easily calculated using a very elementary 
analysis of the stress state at collapse using the von Mises yield criterion.  Since the 
initial attempts to analyse the problem produced predicted failure loads much higher 
than was possible within the bounds of plasticity theory and the adopted assumptions, 
a considerable effort went into identifying the causes of this very obvious error. A 
thorough and extensive study of the possible source of error revealed that the 
commonly used S4R element is not capable of capturing very localized extensive 
yielding and consequently leads to a wrong result in the materially nonlinear analysis 
(MNA). The reason for this error in the element was not found even after many 
explorations using simple problem tests, but a solution to the difficulty was found by 
using a mixture of element types and taking advantage of the ability of each type to 
model plasticity and buckling. This mesh was then able to achieve the correct answer 
for all analyses.  
The results from an existing publication treating a similar but not identical 
problem of a bracket supported cylinder were checked.  In this previous study, the 
S4R element was used.  Several cases were recalculated using the mesh finally 
chosen in this thesis, and it was shown that the plastic collapse loads presented in 
that study were incorrect due the unfortunate choice of element 
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A simple analytical expression was found to model the plastic collapse load very 
accurately, corresponding very well with the numerical results when the proposed 
mixture of elements was used.  Using this simple equation, the second reference load 
(the plastic limit load required in the Eurocode (EN1993-1-6, 2006)) can now be 
calculated accurately.  
8.5 Elastic geometrically nonlinear analysis  
The third type of analysis used to study the bracket was an elastic geometrically 
nonlinear analysis (GNA).  This exploration was principally concerned with the 
bifurcation or limit load buckling of perfect cylinders.  The loss of strength due to the 
geometrical nonlinearity was measured by comparison of the nonlinear bifurcation 
load with the linear bifurcation load. For most other shell buckling problems, 
geometric nonlinearity plays a relatively small role, and the effects of geometric 
imperfections cause very large reductions in strength below the linear bifurcation 
load.  By contrast, it was found for this problem of the bracket-supported cylinder 
that geometric nonlinearity plays a strong role in reducing the bifurcation buckling 
strength (up to 40%), but that geometric imperfections play a much smaller role.  The 
reasons for this difference were explored and conclusions were drawn that are more 
widely relevant than simply to the bracket supported shell.  It is evident that local 
loads can often cause an increase in the radius of curvature (flattening) and that this 
increase causes serious reductions in the shell buckling strength.  
The investigation into the variation of the influence of the geometric nonlinearity 
with the geometry of the structure did not reveal a simple pattern, but a wave-like 
variation.  This variation may be related to the changing location of the buckle in the 
linear elastic bifurcation analysis (LBA) against which the geometrically nonlinear 
elastic analysis (GNA) was being compared. Whilst the location of the buckle in the 
linear elastic bifurcation analysis (LBA) stayed in a relatively constant position with 
respect to the shell parameter rt  for different geometries, the location of the buckle 
in the GNA did not. 
It was found that the location of the maximum amplitude of the buckle in the 
geometrically nonlinear elastic analysis (GNA) moves away from the bracket when 
the height or the width of the bracket is increased.  Some further investigations into 
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the loss of strength due to geometric nonlinearity could be usefully undertaken to 
gain a fuller understanding of the nonlinear buckling behaviour of the shell. 
8.6 Geometrically and materially nonlinear analysis  
Following the exploration of the two reference loads (linear elastic bifurcation 
and plastic collapse) and the knowledge gained about the elastic imperfection 
reduction factor (Chapter 5), the next study (Chapter 6) explored the behaviour of 
perfect shells in which both geometric and material nonlinearities were included.  
This analysis should give the “right” answer for the strength of the perfect structure.  
The goal of this analysis is to identify the conditions under which elastic plastic 
buckling occurs.  Elastic plastic buckling is conventionally represented by the 
capacity curve for the structure, so this curve was the goal of this study.  The 
generalised capacity curve was taken from Eurocode 3 Part 1.6 (EN 1993-1-6, 2006), 
which defines the strengths of all shells in terms of the parameters α, β, η, λo and λp.  
These five parameters may each vary with the geometry and material properties of 
the structure, so a considerable amount of work is required to define them all.  
To calculate the parameters of the capacity curves, 75 different geometries 
requiring over 750 different analyses were investigated.  It was essential that 
geometric nonlinear effects were retained as constant in their effect as each curve 
was calculated, so the relative slenderness of the structure was changed by changing 
the yield stress of the material of the structure, rather than by changing the geometry 
of the structure.  The latter is the commonly chosen method, since it is perfectly 
satisfactory for beam, column and frame structures.  
The modified capacity curve was extensively used instead of the traditional 
capacity curve, as it affords easier and more precise extraction of the required 
parameters.   
It was shown that a fixed choice for the value of the interaction exponent η leads 
to serious restriction on the form of the capacity curve in cases where early yielding 
needs to be considered. Therefore it was proposed that the interaction exponent η 
should be allowed to vary linearly with relative slenderness to eliminate this 
restriction.  It was found that further restrictions should be placed on the values of 
the limiting interaction exponent to ensure that the elastic plastic strengths do not 
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exceed the elastic strengths.  Algebraic relationships for these restrictions were 
determined.   
Finally these calculations were used to develop expressions for the parameters of 
the capacity curve for a wide range of geometries of bracket and shell relative 
slenderness.  Empirical expressions were derived which can be used in design 
calculations.  
8.7 The effects of geometric imperfections  
The imperfection sensitivity of bracket supported silos was studied using 
equivalent geometric imperfections in Chapter 7.   
First, the recommendations of the European standard were implemented to 
choose different imperfection forms. A single example geometry was tested using a 
range of different imperfection forms and amplitudes in a geometrically nonlinear 
elastic analysis (GNIA), but the imperfection sensitivity did not follow the pattern 
expected of shells.   
In particular, the commonly used eigenmode imperfection increased the failure 
load of the example bracket supported cylinder by up to 20% in this elastic nonlinear 
analysis when compared to the bifurcation load of the perfect shell. The imperfection 
sensitivity is commonly more pronounced for an imperfection with its maximum 
deviation directed towards the centre of the shell due to the biaxial compressive 
stress field arising from the inwards directed imperfection. Because of the 
uncommon imperfection sensitivity of the bracket supported silo using the first 
eigenmode imperfection, not only imperfections with a maximum imperfection 
displacement directed towards the centre of the cylinder were tested, but also 
imperfections directed outward for all imperfection shapes. The numerical 
calculation of imperfections directed away from the centre of the shell (outward) 
revealed a bifurcation load which was not only higher than the bifurcation load with 
imperfections directed towards the centre of the shell (inward), but also higher than 
the failure load of the perfect shell for all imperfection forms.  
Of all the different imperfection shapes tested, only two reduced the failure load 
significantly; these shapes was the deformed shape of a geometrically nonlinear 
elastic analysis (GNA) at buckling and the deformed shape of a geometrically 
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nonlinear elastic analysis (GNA) at the post- buckling minimum. The loss of strength 
was similar for both imperfection shapes. While the post- buckling deformed shape 
leads to reduction of strength for small imperfections followed by an increase of 
strength for larger imperfection above the strength of the perfect shell, the deformed 
shape at buckling leads to a continuous decrease of strength. 
The shape of the deformed shape at buckling also reduces the bifurcation load 
because it introduces a flattening of the cylindrical shell above the bracket, which is 
the main cause of the reduction in strength of the investigated bracket supported silo. 
The imperfection sensitivity was then explored further using the imperfection of 
the deformed shape at buckling and a wide range of geometries in both geometrically 
and materially nonlinear analysis (GMNIA) and geometrically elastic analysis 
(GNIA). It was found that two different limit points exist depending on the 
imperfection amplitude. The first limit point is a bifurcation point lowering the 
strength of the shell, while the second limit point occurs when the imperfection 
amplitude is too large and the tangent stiffness matrix stays positive when passing 
the point where the “first limit point” might be expected. It was shown that when 
failure occurs at the “second limit point” the strength of the imperfect shell is almost 
the same as, or even higher than, the strength of the perfect shell.  
The greatest loss of strength was found when the shell failed at the first limit 
point, but the difference between buckling strength and post-buckling minimum 
decreased very much as the limit point load fell, to such a degree that bifurcation 
could only be detected with great difficulty. The imperfection amplitudes for which 
such behaviour was detected could be called the “worst” imperfection amplitude. 
However, when the buckling load and the load at the post-buckling minimum are 
almost the same and no detectable loss of strength can be found at this point, it is 
questionable if this can reasonably be defined as failure or if the “second limit point” 
should be defined as such.  
While the thick and intermediate shell did not show a significant imperfection 
sensitivity, it is not possible to give a simple answer to the question of the 
imperfection sensitivity for the thin shells.  The structure is imperfection sensitive if 
the definition of failure is taken as the first bifurcation or limit point as suggested in 
the Eurocode (EN1993-1-6, 2006). If, on the other hand, bifurcation with minimal 
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loss of strength after bifurcation is considered not to fulfil the criteria of failure, the 
bracket supported silo is not imperfection sensitive. The study of the imperfection 
sensitivity of the bracket supported silo is far from complete, but it has been shown 
that the imperfection sensitivity changes greatly when a nonlinear stress pattern and 
significant pre-buckling deformations are present. In the most researched case of the 
uniformly compressed cylinder the influence of pre-buckling deformations is small 
compared to the imperfection sensitivity of the structure, but in the case of the 
bracket supported silo the influence of pre-buckling deformations is probably greater 
than the imperfection sensitivity of the structure.  
8.8 Summary  
Overall this thesis has led to a deeper understanding of the behaviour of 
structures with highly non-uniform stress patterns.  It has been found that a bracket 
attached to the shell at mid-height leads to much more complicated behaviour than is 
found when discrete supports are placed at the bottom of the cylinder.  Even though 
the failure response of the bracket supported silo is complex, high precision 
empirical expressions and a physical model have been developed to approximate the 
linear bifurcation load and a simple equation has been found to calculate the plastic 
collapse load.  Further, a set of empirical equations to capture the five parameters of 
the capacity curve for the perfect structure have been developed. 
It was shown that geometric nonlinearity is generally of greater significance than 
imperfection sensitivity when highly non-uniform stresses lead to pronounced pre-
buckling deformations. This outcome is in opposition to the common assumption 
concerning the imperfection sensitivity of shells.  Therefore, while the 
recommendation regarding imperfections in the European standard might be 
extensive and adequate for shells subject to relatively uniform stress conditions, 
much care should be exercised when more realistic stress states in shells are 
investigated.  
This thesis has developed what is thought to be the first extensive study of 
capacity curves for a shell buckling problem.  It was found that it was necessary to 
make some modifications to the simple capacity curve form to accommodate a 
greater range of applications.    
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8.9 Suggestions for further research  
This thesis has presented a thorough study of the bracket supported cylinder, but 
some questions still need to be answered apart from those mentioned above. 
The reason why the general purpose element S4R is not capable of capturing 
highly localized yielding could not been found. It is of the utmost importance to find 
the source of this error since this element is very widely used in research and design. 
A further benchmark test might be necessary in the European standard to ensure that 
the chosen elements are capable of capturing localized yielding. 
A provisional proposal of an empirical fit has been given for the capacity curves, 
but a wider range of radius to thickness ratios needs to be investigated to verify and 
improve the approximation. 
For the further development of understanding the behaviour of the bracket 
supported silo the assumptions made in this thesis should also be reviewed. 
The column was assumed to very stiff and rigidly connected to the bracket. The 
influence of the stiffness of the column should be investigated by replacing the rigid 
support with elastically deformable supports.  
The load case of tensile load at the bottom of the cylinder might be a simple and 
realistic load case (as shown in Chapter 1), but an additional friction on the cylinder 
wall might lead to a more imperfection sensitive behaviour and should be 
investigated. The bracket was placed at the mid-height of the cylinder, which 
allowed the study of the structure without influence of boundary conditions, but the 
bracket should be moved closer to the boundaries to investigate the changes in 
behaviour.  
The imperfection sensitivity of the bracket supported silo has provided a few 
challenges. It is clear that more detailed study including more imperfection shapes 
and amplitudes is needed to understand the behaviour of the imperfect bracket 
supported silo.  
The thesis has posed a very substantial question on how failure can be defined in 
a unique, but reasonably realistic way.  It is critical that small changes in geometry 
do not lead to large jumps in the assessed strength, but it is not easy to find criteria 
that will produce this outcome as the criterion of failure necessarily moves from one 
aspect (e.g. bifurcation) to another (e.g. limiting the permitted deformation).  This 
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question is not only of interest for the buckling of cylindrical shells, but all shell 
structures, and indeed to all structures in which buckling and changes of geometry 
lead to significantly complicated behaviour.  It should be a critical topic for research 
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The following notations are used in this thesis. All symbols are defined where 
they first appear in the text. In general only one meaning is assigned to each symbol, 
but in those cases where more than one meaning is possible, the correct one will be 
evident from the context in which it is used. 
r radius of the cylinder 
t thickness of the cylinder 
Ξ=r/t radius to thickness ratio of the cylinder 
H height of the cylinder 
2d width of the bracket 
h height of the bracket 
h rtΛ =  dimensionless height of the bracket 
d rtΓ =  dimensionless half width of the bracket 
U circumference 
A area 
n number of columns 
F vertical support force per bracket 
Px applied load as tension on the bottom of the shell 
Rx failure load 
σcl classical buckling stress 
w vertical deflection at the top of the cylinder 
σub mean compressive stress just above the bracket 
λ bending half wave length 
σ stress 
nx axial membrane stress resultant 
E Young’s modulus 
σy yield stress 
ν Poisson ratio 
 II
ζ 
percentage of the applied load transferred as compression into the top 
of the bracket 
φ angle of spread 
λd location of  the buckle 
δ influence of the shear field as a percentage of the height of the bracket 
Δ length on which the classical buckling stress is applied 
θo = (d/r) dimensionless width of the bracket 
δ/t dimensionless imperfection   amplitude 
α elastic imperfection reduction factor 
β plastic range factor 
λ  relative slenderness 
λ0 squash limit relative slenderness 
λp plastic limit slenderness 
χ characteristic strength 
η interaction exponent 
η0 plastic limit interaction exponent 
ηp elastic limit interaction exponent 
Rcr elastic critical resistance 
Rpl plastic reference resistance 
γ the bulk density of the solid 
τ frictional stress 
q mean vertical stress 
μ wall friction coefficient 
p mean horizontal pressure 
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Figure 10.25: Modified capacity curve (Λ=7, Γ=1.25, r/t=400) 




























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 10.75: Modified capacity curve (Λ=7, Γ=1.25, r/t=1000) 
 
 
